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SHEAF THEORY FOR E´TALE GEOMETRIC STACKS
DAVID CARCHEDI
Abstract. We generalize the notion of a small sheaf of sets over a topological
space or manifold to define the notion of a small stack of groupoids over an
e´tale topological or differentiable stack. We then provide a construction analo-
gous to the e´tale´ space construction in this context, establishing an equivalence
of 2-categories between small stacks over an e´tale stack and local homeomor-
phisms over it. We go on to characterize small sheaves and gerbes. We show
that ineffective data of e´tale stacks is completely described by the theory of
small gerbes. Furthermore, it is shown that e´tale stacks (and in particular orb-
ifolds) induce a small gerbe over their effective part, and all gerbes arise in this
way. It follows that ineffective orbifolds, sometimes called non-reduced orb-
ifolds, encode a canonical gerbe over their effective (or reduced) part. For nice
enough classes of maps, for instance submersions, we show that e´tale stacks
are equivalent to a 2-category of gerbed effective e´tale stacks. Along the way,
we also prove that the 2-category of topoi is a full reflective sub-2-category of
localic stacks.
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1. Introduction
The purpose of this article is to extend the theory of small sheaves of sets over
spaces to a theory of small stacks of groupoids over e´tale topological, differentiable,
and localic stacks. We provide a construction analogous to the e´tale´ space con-
struction in this context and establish an equivalence of 2-categories between small
stacks over an e´tale stack and local homeomorphisms over it. This theory provides
an interpretation of the ineffective data of any e´tale stack as a small gerbe over its
effective part. Moreover, every small gerbe over an effective e´tale stack Y arises
from some e´tale stack Z whose effective part is equivalent to Y . In particular, this
applies to orbifolds, showing ineffective orbifolds, sometimes called non-reduced
orbifolds, encode a canonical gerbe over their effective (or reduced) part.
E´tale stacks model quotients of spaces by certain local symmetries, and their
points can posses intrinsic (discrete) automorphism groups. A more or less direct
consequence of the existence of points with non-trivial automorphism groups is that
e´tale stacks form not only a category, but a bicategory. A widely studied class of
such stacks are orbifolds, which have a wide range of uses in foliation theory, string
theory, and conformal field theory. More generally, e´tale stacks are an important
class of stacks as they include not only all orbifolds, but more generally, all stacky
leaf spaces of foliated manifolds. The passage from spaces to e´tale stacks is a natural
one as such a passage circumvents many obstructions to geometric problems. For
example, it is not true that every foliation of a manifoldM arises from a submersion
f : M → N of manifolds, however, it is true that every foliation on M arises from
a submersion M → X , where X is allowed to be an e´tale differentiable stack [20].
Similarly, it is not true that every Lie algebroid over a manifold M integrates to a
Lie groupoid G ⇒M , [6], however it is true when the arrow space G is allowed to be
an e´tale differentiable stack [27]. E´tale stacks are also a natural setting to consider
small sheaves (and more generally small stacks), as the results of [25] imply that
e´tale stacks are faithfully represented by their topos of small sheaves.
Recall that for a topological space X , a small sheaf over X is a sheaf over its
category of open subsets, O (X), where the arrows are inclusions. The correspond-
ing topos is denoted as Sh (X) . For small (pre-)sheaves over X, there is an e´tale´
space construction:
Given a presheaf F overX, there exists a space L (F ) and a local homeomorphism
L(F ) : L (F )→ X
such that for every open subset U of X, sections of the map L (F ) over U are in
bijection with elements of aF (U) , where aF is the sheaf associated to F . The
space L (F ) (together with its map down to X) is called the e´tale´ space of F . More
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precisely there is a pair of adjoint functors
SetO(X)
op
L
// TOP/X
Γoo ,
such that
L (U) = U →֒ X.
Here, L takes a presheaf to its e´tale´ space and Γ takes a space over X to its sheaf
of sections. This adjunction restricts to an equivalence
Sh (X)
L
// Et (X)
Γoo ,
between the category of small sheaves over X and the category of local homeomor-
phisms over X .
Similarly, a small stack over a space X is a stack (of groupoids) Z over the
category of open subsets of X . It is not reasonable to hope to construct an e´tale´
space for Z whose sections over an open subset U are equivalent to Z (U), unless
each of the groupoids Z (U) are (equivalent to) sets, since sections of a map of
spaces can only form a set. Hence, one can only find an e´tale´ space for sheaves. If
there were to be an e´tale´ “space” associated to a stack, this “space” would need to
actually be an object of a bicategory, so that sections of the map
L (Z )→ X
could form a genuine non-discrete groupoid. In this paper, we show that this can
be accomplished if we, instead of searching for an e´tale´ space, find an e´tale´ e´tale
stack, which we less awkwardly name the e´tale´ realization of Z . In fact, we extend
this result to the setting of small stacks of groupoids over e´tale stacks.
We define the notion of a small sheaf and stack over an e´tale topological, differ-
entiable, or localic stack in much the same way as for topological spaces, by finding
an appropriate substitute for a Grothendieck site of open subsets. Sheaves over this
site are what we call small sheaves over X , and similarly for stacks. For example,
if G is a discrete group acting on a space X, the stacky quotient X//G is an e´tale
topological stack, and a small sheaf over M//G is the same as a G-equivariant
sheaf over M, which can be described as a space E equipped with an action of G
and a local homeomorphism E → M which is equivariant with respect to the two
G-actions. If X happens to be an orbifold, then there is an existing notion of sheaf
over X , and it agrees with the definition of a small sheaf over X in the sense of
this paper.
Small sheaves and stacks need to be distinguished from their large counterparts.
The 2-topos of large stacks over an e´tale stack X is the slice 2-topos
St (TOP) /X ,
in the case of topological stacks, and similarly for the localic and smooth setting.
This distinction is highlighted in [18]. A small sheaf or stack over a space or stack
should be thought of as algebraic data attached to that space or stack, whereas a
large sheaf or stack should be thought of as a geometric object sitting over it. In
particular, the study of small gerbes in this setting seems to be a relatively recent
endeavor. It should be noted that nearly all applications in the literature of gerbes
in differential geometry are applications of large gerbes, moreover large gerbes with
band U(1), so-called bundle-gerbes (see e.g. [23, 3]). Not every large gerbe is a
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small gerbe, nor is every large gerbe a bundle gerbe. To the author’s knowledge,
there has been, as of yet, little application of small gerbes in differentiable geometry
or topology. However, the classification of extensions of regular Lie groupoids given
in [21] may be interpreted in terms of small gerbes over e´tale stacks. Nonetheless,
there are plenty of examples of small gerbes right under everyone’s noses, in the
disguise of ineffective data, e.g. every ineffective orbifold gives rise to a small gerbe
as does any almost-free action of a Lie group on a manifold. One aim of this paper
is to establish the technical tools necessary to begin the study of these objects.
1.1. Small gerbes and ineffective isotropy data. Besides establishing a theory
of small sheaves and stacks over e´tale stacks, this paper unravels the mystery behind
ineffective data of e´tale stacks. Suppose that G is a finite group acting on a manifold
M. The stacky-quotientM//G is an e´tale differentiable stack, and in particular, an
orbifold. Points of this stacky-quotient are the same as points of the naive quotient,
that is, orbits of the action. These are precisely images of points of M under the
quotient map M → M//G. For a particular point x ∈ M , if [x] denotes the point
in M//G which is its image, then
Aut ([x]) ∼= Gx.
If this action is not faithful, then there exists a non-trivial kernel K of the homo-
morphism
(1) ρ : G→ Diff (M) .
In this case, any element k of K acts trivially and is tagged-along as extra data in
the automorphism group
Aut ([x]) ∼= Gx
of each point [x] of the stack M//G. In fact,⋂
x∈M
Gx = Ker (ρ) .
In particular, ρ restricted to Aut ([x]) becomes a homomorphism
(2) ρx : Aut ([x])→ Diff (M)x
to the group of diffeomorphisms of M which fix x. This homomorphism is injec-
tive for all x if and only if the kernel of ρ is trivial. The kernel of each of these
homomorphisms is the “inflated” part of each automorphism group, and is called
the ineffective isotropy group of [x]. Up to the identification
Aut ([x]) ∼= Gx,
each of these ineffective isotropy groups is K. This extra information is stripped
away when considering the stacky-quotient
M// (G/K) ,
that is to say, M// (G/K) is the effective part of M//G.
Hence, having a kernel to the action (1) artificially inflates each automorphism
group. As an extreme example, suppose the action ρ is trivial, and consider the
stacky quotientM//G. It is the same thing asM except each point x, has the group
G, rather the the trivial group, as an automorphism group. These automorphisms
are somehow artificial, since the action ρ sees nothing of G. In this case, the entire
automorphism group of each point is its ineffective isotropy group, and this is
Sheaf Theory for E´tale Geometric Stacks 5
an example of a purely ineffective orbifold. Since these arguments are local, the
situation when X is an e´tale stack formed by gluing together stacks of the form
Mα//Gα for actions of finite groups, i.e. a general orbifold, is completely analogous.
For a more general e´tale stack, for example a stack of the form M//G where G
is discrete but not finite, there is no such local action of the automorphisms groups
as in (2), but the situation can be mimicked at the level of germs. There exists a
manifold V and a (representable) local homeomorphism
V → X
such that for every point
x : ∗ → X ,
i) the point x factors (up to isomorphism) as ∗
x˜
−→ V
p
−→ X , and
ii) there is a canonical homomorphism ρ˜x : Aut (x)→ Diff x˜ (V ) ,
where Diff x˜ (V ) is the group of germs of locally defined diffeomorphisms of V that
fix x˜. The kernel of each of these maps is again the inflated part of the automorphism
group. In the case where X is of the form M//G for a finite group G (or more
generally, when X is an orbifold) the kernel of ρ˜x is the same as the kernel of (2),
for each x. In general, each Ker (ρ˜x) is called an ineffective isotropy group. Unlike
in the case of a global quotient M//G, these groups need not be isomorphic for
different points of the stack. However, these kernels may be killed off to obtain the
so-called effective part of the e´tale stack.
There is another way of trying to artificially inflate the automorphism groups,
and this is through gerbes. As a starting example, if M is a manifold, a gerbe over
M is a stack G over M such that over each point x of M, the stalk Gx is equivalent
to a group. From such a gerbe, one can construct an e´tale stack which looks just
like M except each point x, now instead of having a trivial automorphism group,
has (a group equivalent to) Gx as its automorphism group. This construction was
alluded to in [11]. One can use this construction to show that e´tale stacks whose
effective parts are manifolds are the same thing as manifolds equipped with a gerbe.
In this paper, we show that this result extends to general e´tale stacks, namely that
any e´tale stack X encodes a small gerbe (in the sense of Definition 6.4) over its
effective part Eff (X ), and moreover, every small gerbe over an effective e´tale stack
Y arises uniquely from some e´tale stack Z whose effective part is equivalent to Y .
The construction of an e´tale stack Z out of an effective e´tale stack Y equipped
with a small gerbe G , is precisely the e´tale´ realization of the gerbe G . In such a
situation, there is a natural bijection between the points of Z and the points of
Y , the only difference being that points of Z have more automorphisms. For x a
point Z , its ineffective isotropy group, i.e. the kernel of
Aut (x)→ Diff x˜ (V ) ,
is equivalent to the stalk Gx.
1.2. Organization and main results. Section 2 starts by briefly recalling the
basic definitions of e´tale stacks. It is then explained how to associate to any stack a
canonical topos of small sheaves in a functorial way. In case the stack in question is
presented by a spatial groupoid G, this topos is equivalent to the classifying topos
BG as defined in [19]. It is then shown how the results of [25] imply that e´tale
stacks are faithfully represented by their topos of small sheaves. Following [15], we
associate to every (atlas for an) e´tale stack a canonical small site of definition for
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its topos of small sheaves. We define small stacks to be stacks over this site. We
then give an abstract description of a generalized e´tale´ space construction in this
setting, which we call the e´tale´ realization construction.
As a demonstration of the abstract machinery developed in this section, we
also prove a tangential (yet highly interesting) theorem to the effect that, in some
sense, topological stacks subsume Grothendieck topoi, once we replace the role of
topological spaces with that of locales:
Theorem 1.1. There is a 2-adjunction
Top
S
// LocSt,
Shoo
exhibiting the bicategory of topoi (with only invertible 2-cells) as a reflective subbi-
category of localic stacks (stacks coming from localic groupoids).
Section 3 aims at giving a concrete description of the abstract construction given
in section 2. For this, we choose to represent small stacks by groupoid objects
in the topos of small sheaves. We then show how a generalized action-groupoid
construction gives us a concrete model for the e´tale´ realization of small stacks. As
a consequence, we prove:
Theorem 1.2. For any e´tale topological, differentiable, or localic stack X , there
is an adjoint-equivalence of 2-categories
St (X )
L
// Et (X )
Γoo ,
between small stacks over X and the 2-category of e´tale stacks over X via a local
homeomorphism.
Here L is the e´tale´ realization functor, and Γ is the “stack of sections” functor.
We also determine which local homeomorphisms over X correspond to sheaves:
Theorem 1.3. A local homeomorphism f : Z → X over an e´tale stack X is
equivalent to the e´tale´ realization of a small sheaf F over X if and only if it is a
representable map.
Section 4 provides a concrete model for the “stack of sections” functor Γ in terms
of groupoid objects in the topos of small sheaves.
In section 5, we introduce the concept of an effective e´tale stack and show how
to associate to every e´tale stack X an effective e´tale stack Eff (X ), which we call
its effective part. Although this construction is not functorial with respect to all
maps, we show that it is functorial with respect to any category of open maps which
is e´tale invariant (see Definition 2.7). Examples of open e´tale invariant classes of
maps include open maps, local homeomorphisms, and submersions.
The subject of section 6 is the classification of small gerbes. For X an effective
e´tale stack, the answer is quite nice:
Theorem 1.4. For an effective e´tale stack X , a local homeomorphism f : G → X
is equivalent to the e´tale´ realization of a small gerbe over X if and only if
Eff (f) : Eff (G )→ Eff (X ) ≃ X
is an equivalence.
For a general e´tale stack, the theorem is as follows:
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Theorem 1.5. For an e´tale stack X , a local homeomorphism f : G → X is
equivalent to the e´tale´ realization of a small gerbe over X if and only if
i) Eff (f) : Eff (G )→ Eff (X ) ≃ X is an equivalence, and
ii) for every space T , the induced functor G (T )→ X (T ) is full.
We also prove in this section that the e´tale´ realization of any small gerbe over
an e´tale differentiable stack is, in particular, a differentiable gerbe in the sense of
[3].
In section 7, we introduce the 2-category of gerbed effective e´tale stacks. The
objects of this 2-category are effective e´tale stacks equipped with a small gerbe.
We then show that when restricting to open e´tale invariant maps, this 2-category
is equivalent to e´tale stacks. In particular, we prove:
Corollary 1.1. There is an equivalence of 2-categories between gerbed effective
e´tale differentiable stacks and submersions, Gerbed (EffEt)subm, and the 2-category
of e´tale differentiable stacks and submersions, EffEtsubm.
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2. Small Sheaves and Stacks over E´tale Stacks
2.1. Conventions and notations concerning stacks. Throughout this article,
S shall denote a fixed category whose objects we shall call “spaces”. The category S
shall always be assumed to be either (sober) topological spaces, smooth manifolds,
or locales unless otherwise noted. The machinery developed should apply to a larger
class of spaces, but a more systematic treatment will be given in a subsequent paper.
We will employ a minimalist definition of smooth manifold in that manifolds will
neither be assumed paracompact nor Hausdorff. This is done in order to consider
the e´tale´ space (espace e´tale´) of a sheaf over a manifold as a manifold itself. We
will also sometimes argue point-set theoretically about objects of S, however, in
all such cases, the arguments can be extended to locales in the usual way. In this
article, the term (local) homeomorphism will mean (local) diffeomorphism if S is
the category of manifolds. Similarly, for terms such as continuous.
Definition 2.1. A topological groupoid is a groupoid object in TOP, the cate-
gory of topological spaces. Explicitly, it is a diagram
G1 ×G0 G1
m // G1
s //
t
//
iˆ

G0
1
YY
of topological spaces and continuous maps satisfying the usual axioms. Forgetting
the topological structure (i.e. applying the forgetful functor from TOP to Set),
one obtains an ordinary (small) groupoid. Throughout this article, we shall denote
the source and target maps of a groupoid by s and t respectively. Similarly, a
localic groupoid is a groupoid object in locales.
A Lie groupoid is a groupoid object in smooth manifolds such that the source
and target maps are submersions.
Topological groupoids, localic groupoids, and Lie groupoids form 2-categories
with continuous functors as 1-morphisms and continuous natural transformations as
2-morphisms, respectively. (Recall that when S is smooth manifolds, by continuous,
we mean smooth.) We will denote any of these 2-category by S −Gpd, and call an
object thereof an S-groupoid.
Remark. Traditionally, Lie groupoids are required to have a Hausdorff object space,
however, as every manifold is locally Hausdorff, any Lie groupoid in the sense we
defined is Morita equivalent to one that meets this requirement. (See Definition
2.8.)
Consider the 2-category GpdS
op
of weak presheaves in groupoids over S, that is
contravariant (possibly weak) 2-functors from the category S into the 2-category of
(essentially small) groupoids Gpd1.
We recall the 2-Yoneda Lemma:
1Technically speaking, when S is topological spaces or locales, we should restrict ourselves to
a Grothendieck universe of such spaces. If S is smooth manifolds, we may avoid this by replacing
St (S) with stacks on Cartesian manifolds, i.e., manifolds of the form Rn, which forms a small site.
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Lemma 2.1. [8] If C is an object of a category C and X a weak presheaf in
GpdC
op
, then there is a natural equivalence of groupoids
HomGpdCop (C,X ) ≃ X (C) .
If G is a topological group or a Lie group, then a standard example of a weak
presheaf is the functor that assigns to each space the category of principal G-
bundles over that space (this category is a groupoid). More generally, let G be an
S-groupoid. Then G determines a weak presheaf on S by the rule
X 7→ HomS−Gpd
(
(X)
(id)
,G
)
,
where (X)
(id)
is the S-groupoid whose object space is X and has only identity
morphisms. This defines an extended Yoneda 2-functor y˜ : S −Gpd→ GpdS
op
and
we have the obvious commutative diagram
S
( · )(id)

y
// SetS
op
( · )(id)

S −Gpd
y˜
// GpdS
op
.
We denote by [G] the associated stack on S, a ◦ y˜ (G), where a is the stackification
2-functor (with respect to the Grothendieck topology generated by open covers).
[G] is called the stack completion of the groupoid G.
Remark. There is a notion of principal bundle for topological groupoids and Lie
groupoids, and [G] is in fact the functor that assigns to each space the category of
principal G-bundles over that space.
Definition 2.2. A stack X on TOP is a topological stack if it is equivalent to
[G] for some topological groupoid G. A stack X on Mfd , the category of smooth
manifolds, is a differentiable stack if it is equivalent to [G] for some Lie groupoid
G. Similarly, one can define a localic stack.
Definition 2.3. An S-groupoid G is e´tale if its source-map s (and therefore also
its target map t) is a local homeomorphism.
Definition 2.4. A topological, differentiable, or localic stack X is e´tale if it is
equivalent to [G] for some e´tale S-groupoid G.
Definition 2.5. A morphism f : Y → X of stacks is said to be representable
if for any map from a space T → X , the weak 2-pullback T ×X Y is (equivalent
to) a space.
Remark. A morphism ϕ : X → Y between stacks is an epimorphism if it is
locally essentially surjective in the following sense:
For every space X and every morphism f : X → Y , there exists an open cover
U = (Ui →֒ X)i of X such that for each i there exists a map f˜i : Ui → Y , such
that the following diagram 2-commutes:
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Ui _

f˜i
// Y
ϕ

X
f
// X .
In words, this just means any map X → Y from a space X locally factors through
ϕ up to isomorphism.
Definition 2.6. An atlas for a stack X is a representable epimorphism X → X
from a space X .
Remark. A stack X comes from an S-groupoid if and only if it has an atlas. If
X → X is an atlas, then X is equivalent to the stack-completion of the groupoid
X×X X ⇒ X . Conversely, for any S-groupoid G, the canonical morphism G0 → [G]
is an atlas.
Definition 2.7. Let P be a property of a map of spaces. It is said to be invariant
under change of base if for all
f : Y → X
with property P , if
g : Z → X
is any representable map, the induced map
Z ×X Y → Z
also has property P . The property P is said to be invariant under restriction,
in the topological setting if this holds whenever g is an embedding, and in the
differentiable setting if and only if this holds whenever g is an open embedding.
Note that in either case, being invariant under change of base implies being invariant
under restriction. A property P which is invariant under restriction is said to be
local on the target if any
f : Y → X
for which there exists an open cover (Uα → X) such that the induced map∐
α
Uα ×X Y →
∐
α
Uα
has property P , must also have property P .
Examples of such properties are being an open map, e´tale map, proper map,
closed map etc.
Proposition 2.1. A stack X over S is e´tale if and only if it admits an e´tale atlas
p : X → X , that is a representable epimorphism which is also e´tale.
Proof. This follows from the fact that if G is any S-groupoid, the following diagram
is 2-Cartesian:
G1
s

t // G0

G0 // [G] ,
where the map G0 → [G] is induced from the canonical map G0 → G. 
Sheaf Theory for E´tale Geometric Stacks 11
Remark. Traditionally speaking, a differentiable stack is a stack X equivalent
to [G] where G is a Lie groupoid. This is equivalent to it having an atlas which is
a representable submersion.
Definition 2.8. An internal functor ϕ : H → G of S-groupoids is a Morita
equivalence if the following two properties hold:
i) (Essentially Surjective)
The map t ◦ pr1 : G1 ×G0 H0 → G0 admits local sections, where G1 ×G0 H0
is the fibred product
G1 ×G0 H0
pr2
//
pr1

H0
ϕ

G1
s // G0.
i) (Fully Faithful) The following is a fibered product:
H1
ϕ
//
(s,t)

G1
(s,t)

H0 ×H0
ϕ×ϕ
// G0 × G0.
Two S-groupoids L and K are Morita equivalent if there is a chain of Morita
equivalences L ← H → K. Moreover, L and K are Morita equivalent if and only if
[L] ≃ [K]
Every internal functor H → G induces a map [H]→ [G] and the induced functor
Hom (H,G)→ Hom([H] , [G])
is full and faithful, but not essentially surjective. However, any morphism
[H]→ [G]
arises from a chain
H ← K → G,
with K → H a Morita equivalence. In fact, the class of Morita equivalences admits
a calculus of fractions and topological (differentiable) stacks are equivalent to the
bicategory of fractions of S-groupoids with inverted Morita equivalences. For details
see [25].
Definition 2.9. By an e´tale cover of a space X , we mean a surjective local
homeomorphism U → X . In particular, for any open cover (Uα) of X , the canonical
projection ∐
α
Uα → X
is an e´tale cover.
Definition 2.10. Let H be an S-groupoid. If U = U → H0 is an e´tale cover of
H0, then one can define the Cˇech-groupoid HU . Its objects are U and the arrows
fit in the pullback diagram
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(HU)1
//
(s,t)

H1
(s,t)

U × U // H0 ×H0,
and the groupoid structure is induced from H. There is a canonical map HU → H
which is a Morita equivalence. Moreover,
(3) Hom ([H] , [G]) ≃ holim
−−−−−−−→
U∈Cov(H0)
HomS−Gpd (HU ,G) ,
where the weak 2-colimit above is taken over a suitable 2-category of e´tale covers.
For details see [9].
Remark. We could restrict to open covers, and a similar statement would be true.
However, it will become convenient to work with e´tale covers later.
Applying equation (3) to the case where [H] is a space X , by the Yoneda Lemma
we have
[G] (X) ≃ holim
−−−−−−−→
U∈Cov(X)
HomS−Gpd (XU ,G) .
Definition 2.11. Let C be a 2-category, and C an object. The slice 2-category
C /C has as objects morphisms ϕ : D → C in C . The morphisms are 2-
commutative triangles of the form
D
ϕ

❅❅
❅❅
❅❅
❅❅
❅❅
❅❅
f
// E
ψ
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
α
>F
☎☎☎☎☎☎☎☎
☎☎☎☎☎☎☎☎
C,
with α invertible. A 2-morphism between a pair of morphisms (f, α) and (g, β)
going between ϕ and ψ is a 2-morphism in C
ω : f ⇒ g
such that the following diagram commutes:
ψf
ψω +3 ψg
ϕ.
α
]e❇❇❇❇❇❇ β
:B
⑤⑤⑤⑤⑤
We end by a standard fact which we will find useful later:
Proposition 2.2. For any stack X on S, there is a canonical equivalence of 2-
categories St (S/X ) ≃ St (S) /X .
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The construction is as follows:
Given Y → X in St (S) /X , consider the stack
Y˜ (T → X ) := HomSt(S)/X (T → X ,Y → X ) .
Given a stack W in St (S/X ), consider it as a fibered category
∫
W → S/X . Then
since S/X ≃
∫
X (as categories), the composition
∫
W →
∫
X → S is a category
fibered in groupoids presenting a stack W˜ over S, and since the diagram∫
W
  
❆❆
❆❆
❆❆
❆❆
∫
X // S
commutes,
∫
W →
∫
X corresponds to a map of stacks W˜ → X .
We leave the rest to the reader.
2.2. Grothendieck topoi. A concise definition of a Grothendieck topos is as fol-
lows:
Definition 2.12. A category E is a Grothendieck topos if it is a reflective subcat-
egory of a presheaf category SetC
op
for some small category C ,
(4) E
j∗
// SetC
opj
∗
oo ,
with j∗ ⊥j∗, such that the left-adjoint j
∗ preserves finite limits. From here on in,
topos will mean Grothendieck topos.
Remark. It is standard that this definition is equivalent to saying that E is equiva-
lent to ShJ (C ) for some Grothendieck topology J on C , see for example [17].
Definition 2.13. A geometric morphism from a topos E to a topos F is a an
adjoint-pair
E
f∗
// F
f∗
oo ,
with f∗ ⊥f∗, such that f
∗ preserve finite limits. The functor f∗ is called the direct
image functor, whereas the functor f∗ is called the inverse image functor.
In particular, this implies, somewhat circularly, that equation (4) is an example
of a geometric morphism.
Topoi form a 2-category. Their arrows are geometric morphisms. If f and g are
geometric morphisms from E to F , a 2-cell
α : f ⇒ g
is given by a natural transformation
α : f∗ ⇒ g∗.
In this paper, we will simply ignore all non-invertible 2-cells to arrive at a (2, 1)-
category of topoi, Top.
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2.3. Locales and frames. Our conventions on locales and frames closely follow
[14]. Recall that the category of frames has as objects complete Heyting algebras,
which are complete lattices of a certain kind, and morphism are given by functions
which preserve finite meets and arbitrary joins. The category of locales is dual to
that of frames. Locales are generalized spaces and find their home in the domain
of so-called pointless topology. See for example [12].
Definition 2.14. Given a topological space X , we denote its poset of open subsets
by O (X). The poset O (X) together with intersection and union, forms a complete
Heyting algebra, hence a locale.
Notice that a continuous map f : X → Y induces a map
O (Y ) → O (X)
U 7→ f−1 (U) .
It is easy to see that this is a map of frames, hence, is a map
O (f) : O (X)→ O (Y )
in the category of locales. This makes O into a functor
O : TOP → Locales.
In fact, this functor has a right-adjoint
pt : Locales→ Top.
The adjoint-pair O ⊥pt restricts to an equivalence between sober topological spaces,
and locales with enough points (both “sober” and “with enough points” have a
precise mathematical meaning). This result is known as Stone duality. The class
of sober spaces is quite large in practice. It includes many highly non-Hausdorff
topological spaces such as the prime spectrum with the Zariski topology, Spec (A),
for a commutative ring A.
Note that the open-cover Grothendieck topology on topological spaces naturally
extends to locales. We make the following definition:
2.4. Small sheaves as a Kan-extension. Let Top denote the bicategory of
Grothendieck topoi, geometric morphisms, and invertible natural transformations,
as in 2.2. There is a canonical functor
S → Top,
which assigns each space X its topos of sheaves Sh(X). By (weak) left-Kan exten-
sion, we obtain a 2-adjoint pair Sh ⊥S
GpdS
op
Sh
// Top,
Soo
where GpdS
op
denotes the bicategory of weak presheaves in groupoids. In fact, the
essential image of S lies entirely within the bicategory of stacks over S, St (S),
where S is equipped with the standard “open cover” Grothendieck topology [4].
So, by restriction, we obtain an adjoint pair
(5) St(S)
Sh
// Top.
Soo
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Definition 2.15. For X a stack over S, we define the topos of small sheaves
over X to be the topos Sh(X ).
Remark. Suppose that X ≃ [G] for some S-groupoid G. Then we may consider the
nerve N (G) as a simplicial S-object
G0 G1oo
oo
G2 · · ·oooo
oo
.
By composition with the Yoneda embedding, we obtain a simplicial stack
y ◦N (G) : ∆op → St(S).
The weak colimit of this diagram is the stack [G]. Since Sh is a left-adjoint, it
follows that Sh ([G]) is the weak colimit of the simplicial-topos
Sh (G0) Sh (G1)oo
oo
Sh (G2) · · ·oooo
oo
.
From [19], it follows that Sh ([G]) ≃ BG, the classifying topos of G. We will
return to a more concrete description of the classifying topos later.
For the rest of this subsection, we will assume that S is sober topological spaces,
or locales, unless otherwise noted.
The adjoint pair Sh ⊥S restricts to an equivalence between, on one hand, the
subbicategory of St(S) on which the unit is an equivalence, and, on the other hand,
the subbicategory of Top on which the co-unit is an equivalence.
Proposition 2.3. If X is an e´tale stack, then the unit is an equivalence.
Proof. Let T be a space, then
S (Sh(X ))(T ) = Hom(Sh(T ), Sh(X )),
and the latter is the groupoid of geometric morphisms from Sh(T ) to BG, where G is
some groupoid representing X . From, [19] this in turn is equivalent to X (T ). 
Let Et denote the full subbicategory of St(S) consisting of e´tale stacks. Then,
since the unit restricted to Et is an equivalence, Sh restricted to Et is 2-categorically
fully faithful. We now identify its essential image.
Definition 2.16. A topos E is an e´tendue if there exists a well-supported object
E ∈ E (i.e. E → 1 is an epimorphism) such that the slice topos E/E is equivalent
to Sh(X) for some space X .
Theorem 2.2. A topos E is an e´tendue if and only if E ≃ BG for some e´tale
groupoid G [1].
Corollary 2.1. Sh induces an equivalence between the bicategory of e´tale stacks
and the bicategory of e´tendues.
Remark. This result was original proven in [25].
This corollary should be interpreted as evidence that for e´tale groupoids G,
Sh ([G]) = BG is the correct notion for the topos of sheaves over [G] since just as
for spaces, morphisms between e´tale stacks are the same as geometric morphisms
between their topoi of sheaves.
Corollary 2.2. Let X ≃ [G] and Y ≃ [H] be two stacks with Y e´tale. Then
Hom(X ,Y ) ≃ Hom(BG,BH) .
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The adjoint pair Sh ⊥S allows us also to prove another interesting result, which
we shall now do, for completeness.
Definition 2.17. An S-groupoid G is e´tale-complete if the diagram
Sh (G1)
t //
s

Sh (G0)
p

µt| qqq
qqqqq
qq
Sh (G0) p
// BG
is a (weak) pullback-diagram of topoi, where BG is the classifying topos of G, p is
induced from the inclusion G0 → G, and µ is induced by the obvious action of G on
sheaves over G0. For details, see [19].
A stack X over S is e´tale-complete if it is equivalent to [G] for some e´tale-
complete G.
Remark. Every e´tale-groupoid is e´tale-complete [19].
Remark. Proposition 2.3 and its proof remains valid if e´tale is replaced with e´tale-
complete.
Let EtC denote the full subbicategory consisting of e´tale-complete stacks. Sh
restricted to EtC is also 2-categorically fully faithful. For S sober-topological spaces,
to the author’s knowledge, there is no nice description for the essential image.
However, for S locales, the answer is quite nice indeed:
Theorem 2.3. For S locales, Sh induces an equivalence between the bicategory of
e´tale-complete stacks and the bicategory Top of topoi. In particular,
S : Top→ St (S)
exhibits Grothendieck topoi as a reflective full subbicategory of stacks on locales.
Proof. It suffices to show that Sh is essentially surjective. Every topos is equivalent
to BG for some localic groupoid G [14], and hence to Sh (X ) for some localic stack
X over locales. The result now follows from the fact that every localic groupoid G
has an e´tale-completion Gˆ such that BG ≃ BGˆ [19]. 
Corollary 2.3. The adjunction (5) restricts to a adjunction
Top
S
// LocSt,
Shoo
exhibiting the 2-category of topoi as a reflective subbicategory of localic stacks.
Remark. In light of the fact that every topos E with enough points is equivalent to
BG for some topological groupoid G [5], one may be tempted to claim that e´tale-
complete topological stacks are equivalent to topoi with enough points. However,
the proof just given does not work for the topological case as a topological groupoid’s
e´tale-completion may not be a topological groupoid, but only a groupoid object in
locales.
Remark. Most of what has been done in this subsection caries over for smooth
manifolds if we use ringed-topoi rather than just topoi. In particular, the result
of Pronk that e´tale differentiable stacks and smooth-e´tendue are equivalent can be
proven along these lines.
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2.5. The classifying topos of a groupoid.
Definition 2.18. Given an S-groupoid H, a (left) H-space is a space E equipped
with a moment map µ : E → H0 and an action map
ρ : H1 ×H0 E → E,
where
H1 ×H0 E //

E
µ

H1
s // H0
is the fibred product, such that the following conditions hold:
i) (gh) · e = g · (h · e) whenever e is an element of E and g and h elements of
H1 with domains such that the composition makes sense,
ii) 1µ(e) · e = e for all e ∈ E, and
iii) µ (g · e) = t (g) for all g ∈ H1 and e ∈ E.
A map of H-spaces is simply an equivariant map, i.e., a map
(E, µ, ρ)→ (E′, µ′, ρ′)
is map f : (E, µ, )→ (E′, µ′) in S/H0 such that
f(he) = hf(e)
whenever this equation makes sense.
Remark. This definition extends for localic groupoids in the obvious (diagrammatic)
way.
Definition 2.19. An H-space E is an H-equivariant sheaf if the moment map µ
is a local homeomorphism. The category of H-equivariant sheaves and equivariant
maps forms the classifying topos BH of H.
2.6. The small-site of an e´tale stack.
Definition 2.20. Let H be an e´tale S-groupoid. Let Site (H) be the following
category: The objects are the open subsets of H0. An arrow U → V is a section
σ of the source-map s : H1 → H0 over U such that t ◦ σ : U → V as a map in S.
Composition is by the formula τ ◦ σ(x) := τ (t (σ(x)) .
There is a canonical functor i : O (H0) →֒ Site (H) which sends an inclusion
U →֒ V in O (H0) to 1|U , where 1 is the unit map of the groupoid, and O is as in
Definition 2.14.
This functor induces a Grothendieck pre-topology on Site (H) by declaring cover-
ing families to be images under i of covering families of O (H0). The Grothendieck
site Site (H) equipped with the induced topology is called the small site of the
groupoid H.
Remark. Given an e´tale stack X with an e´tale atlas X → X , we can describe
Site (X ×X X ⇒ X) in terms of this stack and atlas. Denote the S-groupoid
X ×X X ⇒ X
by H. Let Site (X , X) denote the following category. The objects of are open
subsets of X = H0 and the arrows are pairs (f, α), such that
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U  p
  ❆
❆❆
❆
f
// VnN
~~⑥⑥
⑥⑥
X
!!❈
❈❈
❈
α
<D
        X
}}④④
④④
X
.
In other words, it is the full subcategory of St (S) /X ≃ St (S/X ) (Proposition
2.2) spanned by objects of the form U →֒ X → X , with U ⊆ X open. We claim
that this category is canonically equivalent to Site (H) . To see this, suppose σ is a
section of s over U whose image lies in t−1 (V ). We can associate to it the map
α (σ) : U → H1
x 7→ σ (x) .
Then, letting
f := t ◦ σ : U → V,
α (σ) : U → H1 is a continuous natural transformation
U  p
!!❇
❇❇
❇
f
// VnN
}}⑤⑤
⑤⑤
H0
!!❉
❉❉
❉
α(σ)
;C
⑧⑧⑧⑧⑧⑧⑧ H0
}}③③
③③
H.
Applying stack-completion, one arrives at an arrow in Site (X , X) . Conversely, if
one has a diagram of the form,
U  p
  ❆
❆❆
❆
f
// VnN
~~⑥⑥
⑥⑥
X
!!❈
❈❈
❈
α
<D
        X
}}④④
④④
X
,
then since the canonical map
y˜ (H)→ [H]
is object-wise full and faithful, this must correspond to continuous natural transfor-
mation as in the previous diagram. But such a natural transformation, by definition,
is a continuous map
α : U → H1
such that
s ◦ α = idU
and
t ◦ α = f.
Spelling this out, one arrives at an equivalence of categories.
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Definition 2.21. Given an object U ⊂ H0 of Site (H), the space s
−1 (U) comes
equipped with a canonical left H-action along the target map t. Since the target
map is a local homeomorphism, this H-space is in fact an equivariant sheaf. We
denote it by mU .
Extend this to a functor as follows:
Given σ : U → V in Site (H), define a map
f : s−1 (U)→ s−1 (V )
by sending
x
h
−→ y
to
t (σ(x))
σ(x)−1
−−−−−−→ x
h
−→ y,
which is clearly H-equivariant. Conversely, given and H-equivariant map
f : s−1 (U)→ s−1 (V ) ,
let σ := iˆ ◦ F ◦ 1|U , where iˆ denotes the morphism
H1 → H1
which sends an arrow to its inverse. The map σ is an object of Site (H) and it is
easy to check that this defines a natural bijection
HomSite(H) (U, V ) ∼= HomBH (mU ,mV ) .
Hence we get a full and faithful functor m : Site (H)→ BH.
Proposition 2.4. The left Kan extension of m along the Yoneda embedding
y : Site (H)→ Sh((Site (H))
is an equivalence between the topos of sheaves for the Grothendieck site Site (H) ,
and the classifying topos BH [15].
Definition 2.22. By a small stack over an e´tale stack X ≃ [H], we mean a stack
Z over Site (H). We denote the 2-category of small stacks over X by St (X ).
Remark. This definition does not depend on the choice of presenting groupoid since,
if G is another groupoid such that [G] ≃ X , then
Sh (Site (G)) ≃ BG ≃ BH ≃ Sh (Site (H))
and hence St (Site (G)) ≃ St (Site (H)) by the Comparison Lemma for stacks [1].
A more intrinsic equivalent definition is that a small stack over X is a stack over
the topos Sh (X ) in the sense of Giraud in [10], that is a stack over Sh (X ) with
respect to the canonical Grothendieck topology, which in this case is generated by
jointly epimorphic families. Even better, since we are dealing with e´tale stacks, in
light of Corollary 2.1, we may instead work with the bicategory of e´tendues. Then,
a small stack over an etendue E is precisely a stack over E , with its canonical site.
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2.7. The e´tale´ realization of a small stack. Recall that for a sheaf F over a
space X , the e´tale´ space (espace e´tale´) is a space E → X over X via a local homeo-
morphism (e´tale map), such that the sheaf of sections of E → X is isomorphic to F .
In fact, the e´tale´ space can be constructed for any presheaf, and the corresponding
sheaf of sections is isomorphic to its sheafification. As a set, E is the disjoint union
of the stalks of F and the topology is induced by local sections.
Abstractly, this construction may be carried out as follows:
Consider the category of open subsets of X , O (X), where the arrows are inclu-
sions, as in Definition 2.14. This category, equipped with its natural Grothendieck
topology, is of course the site over which “sheaves over X” are sheaves. There is
a canonical functor j : O (X) → S/X which sends an open U ⊆ X to U →֒ X .
Hence, there is an induced adjunction
SetO(X)
op
L
// S/X
Γoo .
Here, L takes a presheaf to its e´tale´ space and Γ takes a space T → X over X to
its sheaf of sections. The composite Γ◦L is isomorphic to the sheafification functor
a : SetO(X) → Sh (X), and the image of L lies completely in the subcategory Et (X)
of S/X spanned by spaces over X via a local homeomorphism. When restricted to
Sh (X) and Et (X), the adjoint pair L ⊥ Γ is an equivalence of categories
Sh (X)
L
// Et (X)
Γoo .
This construction can be done even more topos-theoretically as follows:
The canonical functor j : O (X)→ S/X produces three adjoint functors j! ⊥j
∗ ⊥j∗
Sh (X) //
//
Sh (S/X)oo ,
where the Grothendieck topology on S/X is induced from the open cover topology
on S. For a sheaf F over X , j! (X) = y (L (F )), where y denotes the Yoneda
embedding y : S/X →֒ Sh (S/X).
Hence,
y ◦ L : SetO(X)
op
→ Sh (S/X)
can be identified with the left Kan extension of
O (X)
j
−→ S/X
y
→֒ Sh (S/X)
along Yoneda.
We now turn our attention to generalizing this construction to work when both
X and F are stacks. Let H be an e´tale groupoid and let X ≃ [H] . In light of the
remark after Definition 2.20, there is a canonical fully faithful functor
jH : Site (H)→ S/X
which sends U ⊆ H0 to U →֒ H0 → X . This produces three adjoint functors
j! ⊥j
∗ ⊥j∗
GpdSite(H)
op
//
//
St (S/X )oo .
We denote j! by L and j
∗ by Γ.
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More explicitly, j! is the weak left Kan extension of jH along Yoneda, and
Γ(Y )(U) = HomSt(S/X ) (y (U →֒ H0 → X ) ,Y ) .
Remark. Under the equivalence given in Proposition 2.2, Y may be viewed as stack
Y¯ in St (S) together with a map
f : Y¯ → X .
From this point of view, Γ(f : Y¯ → X ) assigns an open subset U of H0 the
groupoid of “sections of f over U ,” which can be described explicitly as the groupoid
whose objects are pairs (σ, α) which fit into a 2-commutative diagram
Y¯
f

U
  //
σ
99ttttttttttttttttt
H0 //
α
2:❧❧❧❧❧❧❧❧❧❧
❧❧❧❧❧❧❧❧❧❧
X ,
and whose morphisms (σ, α)→ (σ′, α′) are 2-cells
U Y¯
σ
##
σ′
;;ω
such that the following diagram commutes:
jH (U)
α +3
α′  (■
■■
■■
■■
■
■■
■■
■■
■
f ◦ σ
fω

f ◦ σ′.
Definition 2.23. Let Z be a weak presheaf in groupoids over Site (H). Then
L (Z ) is the e´tale´ realization of Z .
Proposition 2.5. Let Y be any stack in St (S/X ). Then Γ (X ) is a stack.
Proof. This is immediate from the fact that Y satisfies descent. 
In fact, we can say more:
Theorem 2.4. The 2-functor Γ ◦ L is equivalent to the stackification 2-functor
a : GpdSite(H)
op
→ St (Site (H)) ≃ St(X ).
Proof. Suppose Z is a weak presheaf in groupoids over Site (H). Then
Γ (Z ) (V ) ≃ L (Z ) (V →֒ H0 → X ) .
Let G (Z ) be the weak presheaf in groupoids over S/X given by
G (Z ) ≃ holim
−−−−−−−→
U→Z
y (U →֒ H0 → X ) .
Then ΓL (Z ) (V ) ≃ a (G (Z )) (V →֒ H0 → X ), where a is stackification.
Note:
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G (Z ) (W →֒ H0 → X ) ≃ holim
−−−−−−−→
U→Z
HomSt(S/X ) (y (W →֒ H0 → X ) , y (U →֒ H0 → X ))
≃ holim
−−−−−−−→
U→Z
HomS/X (W →֒ H0 → X , U →֒ H0 → X )
≃ holim
−−−−−−−→
U→Z
HomSite(H) (W,U)
≃
holim
−−−−−−−→
U→Z
y (U)
 (W )
≃ Z (W ) .
Given any weak presheaf in groupoids W over a Grothendieck site (C , J), we define
W + by
W
+ (C) = holim
−−−−−−−→
(Ci→C)i
holim
←−−−−−−−
∏
i
W (Ci) →→
∏
i,j
W (Cij) →→
→ ∏
i,j,k
W (Cijk)
 .
Then a (W ) = W +++ (See for instance [16], section 6.5.3). Now,
G (Z )
+
(jH (V )) = holim
−−−−−−−→
(Vi →֒V )i
holim
←−−−−−−−
[∏
i
G (jH (Vi)) →→
∏
i,j
G (jH (Vij)) →→
→ ∏
i,j,k
G (jH (Vijk))
]
≃ holim
−−−−−−−→
(Vi →֒V )i
holim
←−−−−−−−
∏
i
Z (Vi) →→
∏
i,j
Z (Vij) →→
→ ∏
i,j,k
Z (Vijk)

≃ Z + (V ) .
Hence
ΓL (Z ) (V ) ≃ a (G (Z )) (V →֒ H0 → X )
≃ (G (Z ))
+++
(V →֒ H0 → X )
≃ Z +++ (V )
≃ a (Z ) (V ) .

Corollary 2.4. The adjunction L ⊥ Γ restricts to an adjunction
St (X )
L˜
// St (S/X )
Γ˜oo ,
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where L˜ and Γ˜ denote the restrictions. This furthermore restricts to an adjoint-
equivalence
St (X )
L¯
// E ss (L)
Γ¯oo ,
equivalence between St (X ) and its essential image under L.
The first part of this Corollary is clear. In general, a 2-adjunction restricts to
an equivalence between, on one hand, those objects for which the component of
the unit is an equivalence, and on the other hand, those objects for which the
component of the co-unit is an equivalence. Hence, it suffices to prove that the
essential image of L is the same as the essential image of L¯. In fact, we will prove
more, namely:
Proposition 2.6. Suppose Z is a weak presheaf of groupoids over Site (H). Then
L (Z ) ≃ L (a (Z ))).
Proof. L˜◦a and L are both weak colimit preserving and agree on representables. 
Remark. If X is equivalent to a space X , then this construction generalizes the
e´tale´ space construction from sheaves over X to stacks over X (in the ordinary
sense). In the particular case when the stack over X is a sheaf of sets, then its e´tale´
realization is its (Yoneda-embedded) e´tale´ space.
3. A Concrete Description of E´tale´ Realization
The construction given for the e´tale´ realization of a small stack over an e´tale
stack, as of now, is rather abstract, since it is given as a weak left Kan extension.
In order to work with this construction, we wish to give a more concrete description
of it. To accomplish this, it is useful first to have a more concrete hold on how to
represent these small stacks themselves.
For a general Grothendieck site (C , J), one way of representing stacks is by
groupoid objects in sheaves. Given a groupoid object G in Sh (C ), it defines a
strict presheaf of groupoids by assigning an object C of C the groupoid
HomGpd(Sh(C ))
(
y (C)
id
,G
)
,
where y (C)
id
is the groupoid object in sheaves with objects y (C) and with only
identity arrows, where y denotes the Yoneda embedding. This strict presheaf is a
sheaf of groupoids. In fact, there is an equivalence of 2-categories between groupoid
objects in sheaves, and sheaves of groupoids. Moreover, every stack on (C , J) is
equivalent to the stackification of such a strict presheaf arising from a groupoid
object in sheaves. For details see Appendix A.
In our case, we have a nice description of sheaves on Site (H), namely, it is the
classifying topos BH of equivariant sheaves. Hence, we can model small stacks
over [H] by groupoid objects in H-equivariant sheaves. In the following subsection,
we will describe a way to construct from a given groupoid object K in equivariant
sheaves, an e´tale stack over [H] which will turn out to be equivalent to the e´tale
realization of the stack over Site (H) associated to K.
24 David Carchedi
3.1. Generalized action groupoids.
Definition 3.1. Let H be any S-groupoid and let K be a groupoid object in H-
spaces. In particular we have two H-spaces (K0, µ0, ρ0) and (K1, µ1, ρ1) which are
the underlying objects and arrows of K. Note that the source map
s : (K1, µ1, ρ1)→ (K0, µ0, ρ0)
and target map
t : (K1, µ1, ρ1)→ (K0, µ0, ρ0)
are maps s, t : (K1, µ1, )→ (K0, µ0, ) in S/H0, hence µ0 ◦ s = µ0 ◦ t = µ1. Similarly
for other structure maps.
We define an S-groupoid H ⋉K as follows:
The space of objects of H ⋉ K is K0. An arrow from x to y is a pair (h, k)
with h ∈ H1 and k ∈ K1 such that k : hx → y (which implicitly means that
s(h) = µ0(x)). We denote such an arrow pictorially as
x
h
99K hx
k
→ y.
In other words, (H⋉K)1 is the fibered product H1 ×H0 K1:
H1 ×H0 K1
pr1

pr2
// K1
µ1

H1
t // H0,
and the source and target maps are given by
s (h, k) = h−1s (k)
and
t (h, k) = t (k) .
We need to define composition. Suppose we have two composable arrows:
x
h
99K hx
k
→ t(k)
h′
99K h′t(k)
k′
→ t(k′).
Notice that µ1 (k) = µ0 (t(k)) so that h
′ can act on k. So we get an arrow
h′ · k : (h′h)x→ h′t(k).
We define the composition to be
x
h′h
99K h′hx
k′(h′·k)
−−−−−−−→ y.
In other words
(h′, k′) ◦ (h, k) := (h′h, k′ ◦ (h′ · k)) .
The unit map K0 → (H⋉K)1 is given by
x 7→
(
1µ0(x), 1x
)
.
And the inverse map is given by
(h, k)
−1
:=
(
h−1, h−1 · k−1
)
.
Notice that if K is actually an H-space E considered as a groupoid object with only
identity morphisms, then H⋉K is the usual action groupoid H⋉E. Hence, we call
H⋉K the generalized action groupoid of K, or simply the action groupoid.
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Remark. This construction is known. It appears, for example, in [22] under the
name semi-direct product.
Notice that each action groupoid H⋉ K comes equipped with a canonical mor-
phism θK : H⋉K → H given by
(θK)0 = µ0 : K0 → H0
and
(θK)1 = pr1 : (H ⋉K)1 = H1 ×H0 K1 → H1.
The following proposition is immediate:
Proposition 3.1. If H is e´tale and K is in fact a groupoid object in H-equivariant
sheaves, then H⋉K is e´tale and the components of θK are local homeomorphisms.
Remark. Each groupoid object K in H-spaces has an underlying S-groupoid K and
there is a canonical map τK : K → H ⋉ K given by the identity morphism on K0
and on arrows by
k 7→
(
1µ1(k), k
)
.
Let (S −Gpd) /H denote the slice 2-category of S-groupoids over H. We will
show that the action groupoid construction
K 7→
(
(H ⋉K)
θK
ց H
)
extends to a 2-functor
H⋉ : Gpd (H− spaces)→ (S −Gpd) /H.
Suppose ϕ : K → L is a homomorphism of groupoid objects in H-spaces. Then we
can define H⋉ (ϕ) : H⋉K → H⋉ L on objects as ϕ0 and on arrows by
(h, k) 7→ (h, ϕ (k)) ,
which strictly commutes over H. Finally, for 2-cells, given an internal natural
transformation
α : ϕ⇒ ψ
between two homomorphisms
K → L,
α is in particular a map of H-spaces α : K0 → L1. It is easily checked that
(τL)1 ◦ α : K0 → (H⋉ L)1 encodes a 2-cell
H⋉ (α) : H⋉ (ϕ)⇒ H⋉ (ψ) ,
where τ is as in the remark directly proceeding Proposition 3.1 We leave it to the
reader to check that this is a strict 2-functor.
Remark. This restricts to a 2-functor
H⋉ : Gpd (BH)→
(
Set −Gpd
)
/H,
where Set denotes the category whose objects are spaces and arrows are all local
homeomorphisms.
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Let us now define a strict 2-functor in the other direction,
P : (S −Gpd) /H → Gpd (H− spaces) .
On objects:
Let ϕ : G → H be a map of S-groupoids. Consider the associated principal
H-bundle over G. Its total space is H1 ×H0 G0, where
H1 ×H0 G0
pr1

pr2
// G0
ϕ0

H1
s // H0
is a pullback diagram. Together with its projection pr2 : H1 ×H0 G0 → G0, it is a
right G-space with action given by
(h, x) g := (hϕ (g) , s(g)) .
We define
P (ϕ) := (H1 ×H0 G0)⋊ G,
that is, the right action groupoid of the underlying G-space of the associated princi-
pal bundle of ϕ. Since the left H-action and right G-action on H1×H0 G0 commute,
this becomes a groupoid object in H-spaces. Explicitly, the objects of P (ϕ) are
H1 ×H0 G0 equipped with the obvious left H-action along s ◦ pr1 given by
h′ (h, x) = (h′h, x) .
The arrows are the fibered product
H1 ×H0 G1
pr1

pr2
// G1
ϕ0◦t

H1
s // H0,
equipped with an analogously defined left H-action along s ◦ pr1. The source and
target maps are defined by
s (h, g) = (hϕ(g), s(g)) ,
and
t (h, g) = (h, t(g)) .
Composition and units are defined in the obvious way.
The following proposition is immediate:
Proposition 3.2. If H is e´tale and ϕ0 is a local homeomprhism (which implies
that so is ϕ1), then P (ϕ) is a groupoid object in BH.
We will now define P on arrows:
Suppose we are given an arrow
(f, α) :
(
G
ϕ
ց H
)
→
(
L
ψ
ց H
)
.
We wish now to define an internal functor P ((f, α)). On objects define it by:
P ((f, α)) (h, x) =
(
hα(x)−1, f(x)
)
.
Sheaf Theory for E´tale Geometric Stacks 27
On arrows define it by
P ((f, α)) (h, g) =
(
hϕ(g)α (s(g))
−1
ψ (f(g))
−1
, f(g)
)
.
It is routine to verify that this defines an internal functor.
We now define P on 2-cells:
Suppose we are given a 2-cell ω : (f, α)⇒ (f ′, α′) between two maps(
G
ϕ
ց H
)
→
(
L
ψ
ց H
)
.
Define an internal natural transformation
P (ω) : P ((f, α))⇒ P ((f ′, α′))
by
P (ω) (h, x) = (hα(x), ω(x)) .
We leave it to the reader to check that P is indeed a strict 2-functor.
Lemma 3.1. There exists a natural transformation ε : H⋉P ⇒ id(S−Gpd)/H whose
components are equivalences.
Proof. Given ϕ : G → H, consider the left-action of H× G on
H1 ×H0 G0 = P (ϕ)0
along
(h, x) 7→ (t (h) , x)
defined by
(l, g) · (h, x) :=
(
lhϕ(g)−1, t(g)
)
.
Consider
θP (ϕ) : (H× G)⋉ (H1 ×H0 G0)→ (H× G)
where θP (ϕ) is the canonical morphism.
By direct inspection, we see that H ⋉ P (ϕ) is canonically isomorphic to
θ˜P (ϕ) := pr1 ◦ θP (ϕ).
Consider the map
ǫ˜ϕ := pr2 ◦ θP (ϕ) : (H× G)⋉ (H1 ×H0 G0)→ G.
Let ξϕ : H1 ×H0 G0 → H1 be the obvious projection map. Then ξϕ is a natural
isomorphism from ϕ ◦ ǫ˜ϕ to θ˜P (ϕ). Hence
(
ǫ˜ϕ, ξ
−1
ϕ
)
is a morphism in (S −Gpd) /H
from θ˜P (ϕ) to ϕ. It is easy to check that
ǫ : H⋉ P◦ ⇒ id(S−Gpd)/H
defined by
ε (ϕ) =
(
ε˜ϕ, ξ
−1
ϕ
)
,
is a strict natural transformations of 2-functors. It remains to see that its compo-
nents consist of equivalences.
Define χϕ : G → (H× G)⋉ (H1 ×H0 G0) on objects by
χϕ (x) =
(
1ϕ(x), x
)
,
and on arrows by
χϕ (g) =
((
1ϕ(s(g)), s(g)
)
, (ϕ(g), g)
)
.
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Then
ε˜ϕ ◦ χϕ = idG .
Note that θ˜P (ϕ) ◦ χϕ = ϕ so that χϕ is a morphism in (S −Gpd) /H.
Define
λϕ : H1 ×H0 G → (H× G)⋉ (H1 ×H0 G0)1
by
λϕ (h, x) =
((
1ϕ(x), x
)
, (h, 1x)
)
.
Then λϕ encodes a 2-cell idH⋉P (ϕ) ⇒ χϕ ◦ εϕ. 
Corollary 3.1. The 2-functors
H⋉ : Gpd (H− spaces)→ (S −Gpd) /H
and
H⋉ : Gpd (BH)→
(
Set −Gpd
)
/H
are bicategorically essentially surjective.
3.2. Action groupoids are e´tale´ realizations. Let H be an e´tale groupoid and
X its associated e´tale stack, [H] . Let
Y :
(
Set −Gpd
)
/H → St (S) /X
be the 2-functor which sends a groupoid ϕ : G → H over H to
[ϕ] : [G]→ [H] = X .
Consider furthermore the canonical 2-functor
[ · ]BH : Gpd (BH)→ St (Site (H))
which associates a groupoid object K in in BH with its stack completion.
Theorem 3.2. The 2-functor [ · ]BH is essentially surjective and faithful (but not
in general full), and the 2-functors L¯ ◦ [ · ]BH and Y ◦ H⋉ are equivalent.
The proof of this theorem is quite involved, so it is delayed to Appendix B.
Remark. In particular, this implies that if Z is a small stack over X represented
by a groupoid object K in BH, then L (Z ) ≃ Y (H ⋉K).
Definition 3.2. A morphism Y → X of e´tale stacks is said to be a local home-
omorphism if it can be represented by a map ϕ : G → H of S-groupoids such
that ϕ0 (and hence ϕ1) is a local homeomorphisms of spaces. Denote the full sub-
2-category of St (S) /X spanned by local homeomorphisms over X by Et (X ).
In light of Theorem 3.2 and Proposition 2.6, the essential image of L is precisely
the local homeomorphisms over X . Moreover, with Corollary 2.4, this implies:
Corollary 3.2.
St (X )
L¯
// Et (X )
Γ¯oo ,
is an adjoint-equivalence between St (X ) and local homeomorphisms over X .
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Remark. Note that there is a small error on the top of page 44 of [18]; the construc-
tion P1, which assigns a stack Z over a space X an e´tale groupoid over X via a
local homeomorphism, is not functorial with respect to all maps of stacks. It is only
functorial with respect to strict natural transformations of stacks, but in general,
one must consider also pseudo-natural transformations. The above corollary may
be seen as a corrected version of this construction, in the case that X is a space
X . Note that this error also makes Theorem 94 of [18] incorrect. The corrected
version of Theorem 94 is explained in section 7 of this paper.
3.3. The inverse image functor. Suppose f : Y → X is a morphism of e´tale
stacks. This induces a geometric morphism of 2-topoi St (Y ) → St (X ), where
by this we mean a pair of adjoint 2-functors f∗ ⊥f∗, such that f
∗ preserves finite
(weak) limits [16]. To see this, note that there is a canonical trifunctor
Top→ 2− Top,
from topoi to 2-topoi, which sends a topos E to the 2-topos of stacks over E with
the canonical topology. Since,
Sh : St (S)→ Top
is a 2-functor, so we get an induced geometric morphism
Sh (f) : Sh (Y )→ Sh (X ) ,
which in turn gives rise to a geometric morphism
St (f) : St (Y )→ St (X ) ,
after applying the trifunctor Top → 2 − Top. We denote the direct and inverse
image 2-functors by f∗ and f
∗.
We also get an induced geometric morphism between the 2-topoi of large stacks,
St (f) : St (S/Y )→ St (S/X ) .
This arises as the adjoint pair of slice 2-categories
St (S) /Y
f∗
// St (S) /X
f∗
oo ,
induced by f . The inverse image 2-functor f∗ is given by pullbacks:
If Z → X is in St (S) /X , then f∗ (Z → X ) is given by Y ×X Z → Y .
Theorem 3.3. The following diagram 2-commutes:
St (X )
L¯ //
f∗

St (S) /X
f∗

St (Y )
L¯ // St (S) /Y ,
where L¯ is as in Corollary 2.4.
Proof. As both composites f∗ ◦ L¯ and L¯ ◦ f∗ are weak colimit preserving, it suffices
to show that they agree on representables. We fix an e´tale S-groupoid H such that
[H] ≃ X and choose a particular G such that
[G] ≃ Y
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and f = [ϕ] with ϕ : G → H an internal functor. Choose a representable sheaf
mU ∈ BH. From [19], for any equivariant sheaf
H E
µ
−→ H0,
ϕ∗ (E) as a sheaf over G0 is given by
G0 ×H0 E → G0
and has the G-action
g · (x, e) = (t (g) , ϕ (g) · e) .
Hence L¯ (f∗mu) is given by Y
(
G ⋉
(
G0 ×H0 s
−1 (U)
))
. Explicitly, the arrows may
be described by pairs (g, h) ∈ G1 × s
−1 (U) such that
sϕ (g) = t (h) .
The other composite,
f∗L¯ (mu)
is given by
[G]×[H]
[
H⋉ s−1 (U)
]
→ [G] .
Since the extended Yoneda 2-functor preserves all weak limits, and stackification
preserves finite ones, this pullback may be computed in S-groupoids. Its objects
are triples
(z, h, α) ∈ G0 × s
−1 (U)×H1
such that
ϕ0 (z)
α
−→ t (h) .
Its arrows are quadruples
(g, h, h′, α) ∈ G1 ×H1 × s
−1 (U)×H1
such that
s (ϕ (g)) = s (α)
and
t (α) = s (h′) = t (h) .
Such a quadruple is an arrow from (s (g) , h, α) to
(
t (g) , h′h, h′αϕ (g)−1
)
. The
projections are defined by
pr1 : G ×H
(
H ⋉ s−1 (U)
)
→ G
(z, h, α) 7→ z
(g, h′, h, α) 7→ g
and
pr2 : G ×H
(
H ⋉ s−1 (U)
)
→ H⋉ s−1 (U)
(z, h, α) 7→ h
(g, h′, h, α) 7→ (h′, h) .
We now define an internal functor
ζ : G ×H
(
H⋉ s−1 (U)
)
→ G ⋉
(
G0 ×H0 s
−1 (U)
)
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on objects by
(z, h, α) 7→
(
z, α−1h
)
and on arrows by
(g, h′, h, α) 7→
(
g, α−1h
)
.
We define another internal functor
ψ : G ⋉
(
G0 ×H0 s
−1 (U)
)
→ G ×H
(
H⋉ s−1 (U)
)
on objects as
(z, h) 7→
(
z, 1s(h), h
−1
)
and on arrows as
(g, h) =
(
g, 1s(h), 1s(h), h
−1
)
.
Note that ψ is a left inverse for ζ. We define an internal natural isomorphism
ω : ψ ◦ ζ ⇒ idG×H(H⋉s−1(U))
by
ω (z, h, α) =
(
1z, h
−1, h, α
)
: (z, h, α)→
(
z, 1s(h), h
−1α
)
= ψζ (z, h, α) .
As both ζ and ψ commute strictly over G, this establishes our claim. 
Definition 3.3. For Z a small stack over an e´tale stack X , and
x : ∗ → X
a point of X , the stalk of Z at x is the groupoid x∗ (Z ) , where we have made
the identification St (∗) ≃ Gpd. We denote this stalk by Zx.
As we have just seen, this stalk may be computed as the fiber of
L¯ (Z )→ X
over x, i.e. the weak pullback ∗ ×X L¯ (Z ) , which is a constant stack with value
x∗ (Z ). This stalk can also be computed analogously to stalks of sheaves:
Lemma 3.4. Let x ∈ X be a point of a space, and let Z be a small stack over X.
Then the stalk at x of Z can be computed by
Zx ≃ holim
−−−−−−−→
x∈U
Z (U) ,
where the weak colimit is taken over the open neighborhoods of x regarded as a full
subcategory of O (X) .
Proof. The 2-functor
St (X) → Gpd
Z 7→ holim
−−−−−−−→
x∈U
Z (U) ,
is clearly weak colimit preserving. If Z = V ⊆ X is a representable sheaf, i.e., an
open subset of X , then
Zx ≃ holim
−−−−−−−→
x∈U
Hom(U, V ) ≃ lim
−→
x∈U
Hom(U, V ) ,
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and the latter expression is equivalent to the singleton set if x ∈ V and the empty set
otherwise. This set is the same as the fiber of V over x, i.e. the stalk Vx ∼= x
∗ (V ) .
So
Z 7→ holim
−−−−−−−→
x∈U
Z (U)
is weak colimit preserving and agrees with x∗ on representables, hence is equivalent
to x∗. 
Corollary 3.3. Let x : ∗ → X be a point of an e´tale stack X ≃ [H] , with H an
e´tale groupoid. Pick a point x˜ ∈ H0 such that x ∼= p ◦ x˜ where
p : H0 → X
is the atlas associated to H. Let Z be a small stack over X. Then the stalk at x
of Z can be computed by
Zx ≃ holim
−−−−−−−→
x˜∈U
Z (U) ,
where the weak colimit is taken over the open neighborhoods of x˜ in H0 regarded as
a full subcategory of O (H0) .
Proof. Since x ∼= p ◦ x˜, it follows that
Sh (x) ≃ Sh (p) ◦ Sh (x˜) : Sh (∗)→ Sh (X ) ,
and hence
x∗ ≃ x˜∗ ◦ p∗.
By definition, for U an open subset of H0,
p∗ (Z ) (U) ≃ Z (U) .
Hence,
Zx = x
∗
Z
≃ x˜∗ (p∗Z )
≃ (p∗Z )x˜
≃ holim
−−−−−−−→
x˜∈U
(p∗Z ) (U)
≃ holim
−−−−−−−→
x˜∈U
Z (U) .

3.4. A classification of sheaves. From Corollary 3.2, we know that the for an
e´tale stack X , the 2-category of local homeomorphisms over X is equivalent to the
2-category of small stacks over X . A natural question is which objects in Et (X )
are actually sheaves over X , as opposed to stacks, i.e., what are the 0-truncated
objects?
Theorem 3.5. A local homeomorphism f : Z → X over an e´tale stack X is a
equivalent to L¯ (F ) for a small sheaf F over X if and only if it is a representable
map.
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Proof. Suppose F is a small sheaf over X ≃ [H] with H an e´tale S-groupoid.
Denote by
L¯ (F )→ X
the map L¯ (F ). We wish to show that
L¯ (F )→ X
is representable. It suffices to show that the 2-pullback
H0 ×X L¯ (F )

// L¯ (F )

H0
a // X
,
is (equivalent to) a space, where a : H0 → X is the atlas associated to H. By
Theorem 3.3, this pullback is equivalent to the total space of the e´tale´ space of
the sheaf a∗ (F ) over H0. Conversely, suppose Z → X is a representable local
homeomorphism equivalent to L¯ (W ) for some small stack W . Then the pullback
H0 ×X L¯ (F )
is equivalent to a space. This implies that a∗ (W ) is a sheaf of sets over H0. By
definition a∗ (W ) assigns to each open subset U of H0 the groupoid W (mU ). It
follows that W must be a sheaf. 
Corollary 3.4. For an e´tale stack X , the category of small sheaves over X is
equivalent to the 2-category of representable local homeomorphisms over X .
Remark. This implies that the 2-category of representable local homeomorphisms
over X is equivalent to its 1-truncation.
Remark. This gives a purely intrinsic definition of the topos of sheaves Sh (X ). In
particular, a posteriori, we could define a small stack over X to be a stack over
this topos. We note for completeness that a site of definition of this topos is the
category of local homeomorphisms T → X from T a space, with the induced open
cover topology. This is equivalent to the category of principal H-bundles whose
moment map is a local homeomorphism.
4. A Groupoid Description of the Stack of Sections
Now that we have a concrete description of L¯ in terms of groupoids, it is natural
to desire a similar description for Γ¯ (where L¯ and Γ¯ are as in Corollary 2.4).
Lemma 4.1. Suppose that ϕ : T → H is a local homeomorphism from a space T ,
with H an e´tale groupoid. Then Γ¯ ([ϕ]) is the equivariant sheaf P (ϕ) ∈ BH, where
P is as in Section 3.1.
Proof. Let mU be a representable sheaf in BH. Then
Γ ([ϕ]) (U) ≃ Hom
(
L¯ (mU ) , [ϕ]
)
≃ Hom
([
H⋉ s−1 (U)
]
, [ϕ]
)
.
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Since T is a sheaf, the later is in turn equivalent to
HomGpd/H
(
H⋉ s−1 (U) , ϕ
)
.
This follows from the canonical equivalence
Hom
(
y˜
(
H⋉ s−1 (U)
)
, T
)
≃ Hom
([
H⋉ s−1 (U)
]
, T
)
.
In fact, this is a set, since T has no arrows, so there are no natural transformations.
An element of this set is the data of a groupoid homomorphism
ψ : H ⋉ s−1 (U)→ T
together with an internal natural transformation
β : θmU ⇒ ϕ ◦ ψ.
To ease notation, let α := β−1. Since T is a space, ψ1 is determined by ψ0 by the
formula
ψ1 ((h, γ)) = ψ0 (γ) = ψ0 (hγ) .
Notice that this also imposes conditions on ψ0, namely that it is constant on orbits.
The internal natural transformation is a map of spaces
α : s−1 (U)→ H1
such that for all γ ∈ s−1 (U) ,
α (γ) : ϕψ0 (γ)→ t (γ) .
Because of the constraints on ψ, the naturality condition is equivalent to
α (hγ) = hα (γ) .
This data defines a map
mU → P (ϕ)
by
s−1 (U) → H1 ×H0 T
γ 7→ (α (γ) , ψ0 (γ)) .
Conversely, any map f : mU → P (ϕ) defines a morphism
fˆ : H ⋉ s−1 (U)→ T
on objects by pr2 ◦ f (and hence determines it on arrows), and since f is H-
equivariant, and the H-action on H1×H0 T does not affect T , this map is constant
on orbits. The map f induces an internal natural transformation
αf : ϕ ◦ fˆ → θmU
by αf = pr1 ◦ f. This establishes a bijection
HomGpd/H
(
H ⋉ s−1 (U) , ϕ
)
∼= HomBH (mU , P (ϕ)) .
Hence
Γ ([ϕ]) (U) ≃ HomBH (mU , P (ϕ)) ,
so we are done by the Yoneda Lemma. 
Theorem 4.2. Suppose that ϕ : G → H is a homomorphism of e´tale S-groupoids
with ϕ0 a local homeomorphism. Then Γ¯ ([ϕ]) is equivalent to the stack associated
to the groupoid object P (ϕ) in BH.
Sheaf Theory for E´tale Geometric Stacks 35
Proof. Let a : G0 → [G] denote the atlas of the stack [G]. There is a canonical map
p : Γ¯ ([ϕ] ◦ a)→ Γ¯ ([ϕ]) ,
and since a is an epimorphism, it follows that p is an epimorphism as well. Since p
is an epimorphism from a sheaf to a stack, it follows that
Γ¯ ([ϕ] ◦ a)×Γ¯([ϕ]) Γ¯ ([ϕ] ◦ a)⇒ Γ¯ ([ϕ] ◦ a) ,
is a groupoid object in sheaves (i.e. the classifying topos BH) whose stackification
is equivalent to Γ¯ ([ϕ]). We will show that this groupoid is isomorphic to P (ϕ).
This isomorphism is clear on objects from the previous lemma.
Since pullbacks are computed object-wise, as a sheaf,
Γ¯ ([ϕ] ◦ a)×Γ¯([ϕ]) Γ¯ ([ϕ] ◦ a)
assigns U ∈ Site (H) the pullback groupoid
Γ¯ ([ϕ] ◦ a) (U)×Γ¯([ϕ])(U) Γ¯ ([ϕ] ◦ a) (U) ,
which is indeed (equivalent to) a set. It is the set of pairs of objects in Γ ([ϕ] ◦ a) (U)
together with a morphism in Γ¯ ([ϕ]) (U) between their images under p (U).
Since for all S-groupoids, the induced map
Hom (L,K)→ Hom([L] , [K])
is full and faithful, we may describe this set in terms of maps of groupoids. It has
the following description:
An element of Γ¯ ([ϕ] ◦ a) (U)×Γ¯([ϕ])(U) Γ¯ ([ϕ] ◦ a) (U) , can be represented by two
pairs (σ0, α0) and (σ1, α1) , such that for i = 0, 1,
H⋉ s−1 (U)
θmU
..
σi // G0
a˜

❃❃
❃❃
❃❃
❃❃
αi{ ⑦⑦
⑦⑦
⑦⑦
G
ϕ

❅❅
❅❅
❅❅
❅❅
H,
where a˜ : G0 → G is the obvious map such that [a˜] = a, together with a 2-cell
β : a˜ ◦ σ0 ⇒ a˜ ◦ σ1,
such that the following diagram commutes:
(6) ϕ ◦ a˜ ◦ σ0
ϕβ +3
α0
!)❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏
ϕ ◦ a˜ ◦ σ1
α1
v~ tt
tt
tt
tt
t
tt
tt
tt
tt
θmU
.
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Each pair (σi, αi) represents[
H⋉ s−1 (U)
]
[θmU ]
--
[σi]
// G0
a

❄❄
❄❄
❄❄
❄❄
[αi]{   
  
  
 
[G]
[ϕ]
!!❈
❈❈
❈❈
❈❈
❈
[H] ,
i.e. the element ([σi] , [αi]) of the set Γ¯ ([ϕ] ◦ a) (U) . The groupoid structure on
Γ¯ ([ϕ] ◦ a)×Γ¯([ϕ]) Γ¯ ([ϕ] ◦ a)⇒ Γ¯ ([ϕ] ◦ a) ,
is such that the data
((σ0, α0) , (σ1, α1) , β)
is an arrow from ([σ0] , [α0]) to ([σ0] , [α0]) .
Recall that the arrows of P (ϕ) are the equivariant sheaf described as the fibered
product
H1 ×H0 G1
pr1

pr2
// G1
ϕ0◦t

H1
s // H0,
equipped with the left H-action along s ◦ pr1 given by
h · (γ, g) = (hγ, g) ,
and that the source and target maps are given by
s (h, g) = (hϕ (g) , s (g)) ,
and
t (h, g) = (h, t (g)) .
Viewing the arrows of P (ϕ) as a sheaf, they assign U the set
Hom (mU , P (ϕ)1) .
Let
π (U) : Γ¯ ([ϕ] ◦ a) (U)×Γ¯([ϕ])(U) Γ¯ ([ϕ] ◦ a) (U)→ Hom(mU , P (ϕ)1)
be the map that sends
ζ := ((σ0, α0) , (σ1, α1) , β)
to the morphism
θ (ζ) : mU → H1 ×H0 G1
γ 7→ (α1 (γ) , β (γ)) .
It is easy to check that this morphism is H-equivariant, hence is a map in BH. We
will show that under the identification
Γ¯ ([ϕ] ◦ a) (U) ∼= P (ϕ ◦ a˜) (U) = Hom(mU , P (ϕ ◦ a˜)) ,
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π (U) respects source and targets. Indeed, suppose we start with a triple
ζ := ((σ0, α0) , (σ1, α1) , β) .
By Lemma 4.1, each (σi, αi) corresponds to an element of
Γ¯ ([ϕ] ◦ a) (U) ,
which in turn corresponds to a morphism
mU = s
−1 (U) → H1 ×H0 T
γ 7→ (αi (γ) , σi (γ))
(7)
in BH. Now π (U) (ζ) is a map from d0π (U) (ζ) to d1π (U) (ζ) , where we have used
simplicial notation for the source and target. For each i, we have a map
mU
π(U)(ζ)
−−−−−−→ H1 ×H0 G1
di−→ H1 ×H0 G0,
which we may interpret as an element of
P (ϕ)0 (U) = P (ϕ ◦ a˜) (U) .
From equation (7) and the definition of the source and target map, it follows that
sπ (U) (ζ) = γ 7→ s (α1 (γ) , β (γ))
= γ 7→ (α1ϕβ (γ) , sβ (γ))
= γ 7→ (α0 (γ) , σ0 (γ)) ,
and
tπ (U) (ζ) = γ 7→ t (α1 (γ) , β (γ))
= γ 7→ (α1 (γ) , tβ (γ))
= γ 7→ (α1 (γ) , σ1 (γ)) .
Hence π (U) respects the source and target. We will now show it is an isomorphism.
Suppose we are given an arbitrary equivariant map
θ : mU → H1 ×H0 G1.
Denote its components by
θ (γ) = (h (γ) , g (γ)) .
Since θ is H-equivariant, it follows that h is H-equivariant and g is H-invariant.
Now
s ◦ θ : mu → P (ϕ)0
sθ (γ) = (h (γ)ϕ (g (γ)) , s (g (γ)))
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and
t ◦ θ : mu → P (ϕ)0
tθ (γ) = (h (γ) , t (g (γ))) .
Each of these maps correspond to an element in
P (ϕ)0 (U)
∼= Γ¯ ([ϕ] ◦ a) (U) .
By Lemma 4.1, we know that s ◦ θ corresponds to the morphism of groupoids
ŝ ◦ θ : H ⋉ s−1 (U) = s−1 (U)→ G0
given on objects as
γ 7→ s (g (γ)) ,
together with a 2-cell
αsθ : [ϕ] ◦ a ◦ ŝ ◦ θ ⇒ θmU ,
given by
αsθ = pr1 ◦ s ◦ θ.
Explicitly we have:
αsθ (γ) = h (γ)ϕ (g (γ)) .
Similarly, we know that t ◦ θ corresponds to the morphism
t̂ ◦ θ : H⋉ s−1 (U) = s−1 (U)→ G0
given on objects as
γ 7→ t (g (γ)) ,
together with a 2-cell
αtθ : [ϕ] ◦ a ◦ t̂ ◦ θ ⇒ θmU ,
given by
αtθ = pr1 ◦ t ◦ θ,
and we have:
αtθ (γ) = h (γ) .
The map
β (θ) := pr2 ◦ θ : s
−1 (U)→ G1
which assigns γ 7→ g (γ) encodes a natural transformation
β (θ) : ŝ ◦ θ ⇒ ŝ ◦ θ.
Moreover, we have that
αtθϕβ (γ) = h (γ) ◦ ϕ (g (γ))
= αsθ (γ) ,
which implies the diagram (6) commutes.
Define a map
Ξ (U) : Hom (mU , P (ϕ)1)→ Γ¯ ([ϕ] ◦ a) (U)×Γ¯([ϕ])(U) Γ¯ ([ϕ] ◦ a) (U)
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which assigns the morphism θ : mU → P (ϕ)1 the triple((
ŝ ◦ θ, αsθ
)
,
(
t̂ ◦ θ, αtθ
)
, β (θ)
)
.
This map is clearly inverse to π. We leave it to the reader to check that π (U)
respects composition. It then follows that the groupoids in sheaves
Γ¯ ([ϕ] ◦ a)×Γ¯([ϕ]) Γ¯ ([ϕ] ◦ a)
and P (ϕ) are isomorphic. 
5. Effective Stacks
5.1. Basic definitions. In this section, we recall a special class of e´tale stacks,
called effective e´tale stacks. This is a summary of results well known in the groupoid
literature, expressed in a more stack-oriented language. We claim no originality for
the ideas. We start with defining effectiveness for orbifolds, as this definition is
more intuitive. This will also make the general definition for an arbitrary e´tale
stack more clear.
Remark. For the rest of the paper, we shall assume that the category S of spaces
is either manifolds or topological spaces, as it will be convenient to work point-set
theoretically in many of the following proofs. The results proven do hold for locales
as well, once phrased in a point-free way, but require a different proof.
Definition 5.1. A differentiable stack X is called an differentiable orbifold if
it is e´tale and the diagonal map ∆ : X → X ×X is proper. If X is instead a
topological stack, we call X a topological orbifold. To simplify things, we will
refer to differentiable orbifolds and topological orbifolds, simply as orbifolds.
Remark. We should explain what we mean in saying that the diagonal map is
proper. In the differentiable setting, this map is not representable, even for mani-
folds. We say that a map of f : X → Z between differentiable stacks is proper if
and only if for any representable map M → Z from a manifold, the induced map
M×Z X →M is a proper map of manifolds. Equivalently, as properness is a topo-
logical property, and the diagonal map of any topological stack is representable [24],
(and proper maps are invariant under restriction and local on the target) stating
that the diagonal of a differentiable stack is proper in the above sense is equivalent
to saying that the diagonal of the underlying topological stack is a representable
proper map. Yet another characterization is viewing X and X ×X as etendue
and asking the map to be a proper map of topoi in the sense of [13].
Definition 5.2. An S-groupoid is an orbifold groupoid if it is e´tale and proper,
i.e. the map
(s, t) : H1 → H0 ×H0
is proper.
Proposition 5.1. X is an orbifold if and only if there exists an orbifold groupoid
H such that X ≃ [H].
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Proof. For any e´tale H such that [H] ≃ X ,
H1
(s,t)

// X
∆

H0 ×H0
a×a
// X ×X
is a weak pullback diagram, where a : H0 → X is the atlas associated to H. 
Recall the following definition:
Definition 5.3. If G is a S-group acting on a space X , the action is effective
(or faithful), if
⋂
x∈X
Gx = e, i.e., for all non-identity elements g ∈ G, there exists a
point x ∈ X such that g · x 6= x. Equivalently, the induced homomorphism
ρ : G→ Diff (X) ,
whereDiff (X) is the group of diffeomorphisms (homeomorphisms) ofX is a monomor-
phism. (These two definitions are equivalence since
Ker (ρ) =
⋂
x∈X
Gx = e.)
If ρ above has a non-trivial kernel K, then there is an inclusion of K into each
isotropy group of the action, or equivalently into each automorphism group of the
quotient stack (the stack associated to the action groupoid). In this case K is
“tagged-along” as extra data in each automorphism group. Each of these copies of
K is the kernel of the induced homomorphism
(ρ)x : Aut ([x])→ Diff (M)x ,
where Diff (M)x is the group of diffeomorphisms of M which fix x. In the differ-
entiable setting, when G is finite, these kernel are called the ineffective isotropy
groups of the associated e´tale stack. In this case, the effective part of this stack is
the stacky-quotient of X by the induced action of G/K. This latter stack has only
trivial ineffective isotropy groups.
Remark. If G is not finite, this notion of ineffective isotropy group may not agree
with Definition 5.5, since non-identity elements can induce the germ of the identity
around a point. It the topological setting, this problem can occur even when G is
finite.
Proposition 5.2. Suppose X is an orbifold and x : ∗ → X is a point. Then there
exists a local homeomorphism p : Vx → X from a space Vx such that:
i) the point x factors (up to isomorphism) as ∗
x˜
−→ Vx
p
−→ X
ii) the automorphism group Aut (x) acts on Vx.
Proof. The crux of this proof comes from [26]. Recall that for a point x of a
topological or differentiable stack X , Aut (x) fits into the 2-Cartesian diagram [24]
Aut (x)

// ∗
x

∗
x // X ,
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and is a group object in spaces. If X ≃ [H] for an S-groupoid H, there is a point
x˜ ∈ H0 such that x ∼= a ◦ x˜, where a : H0 → X is the atlas associated to the
groupoid H, and moreover, Hx˜ ∼= Aut (x˜), where Hx˜ = s
−1 (x˜) ∩ t−1 (x˜) is the
S-group of automorphisms of x˜. (In particular, this implies that if X is e´tale, then
Aut (x) is discrete for all x.) Suppose now that X and H are e´tale. Then for each
h ∈ Hx˜, there exists an open neighborhood Uh such that the two maps
s : Uh → s (Uh)
t : Uh → t (Uh)
are homeomorphisms. Now, suppose that X is in fact an orbifold (so that H is an
orbifold groupoid). Then, it follows that Hx˜ is finite. Given f and g in Hx˜, we can
find a small enough neighborhood W of x˜ in H0 such that for all z in W ,
t ◦ s−1|Ug (z) ∈ s (Uf ) ,
t ◦ s−1|Ug
(
t ◦ s−1|Uf (z)
)
∈W,
and
(8) s−1|Ug (z) · s
−1|Uf (z) ∈ Ugf .
In this case, by plugging in z = x˜ in (8), we see that (8) as a function of z must be
the same as
s−1|Ugf .
Therefore, on W , the following equation holds
(9) t ◦ s−1|Ug
(
t ◦ s−1|Uf (z)
)
= t ◦ s−1|Ugf .
Since Hx˜ is finite, we may shrink W so that equation (9) holds for all composable
arrows in Hx˜. Let
Vx :=
⋂
h∈Hx˜
(
t ◦ s−1|Uf (W )
)
.
Then, for all h ∈ hx˜,
t ◦ s−1|Uh (Vx) = Vx.
So t ◦ s−1|Uh is a homeomorphism from Vx to itself for all x, and since equation (9)
holds, this determines an action of Hx˜ ∼= Aut (x) on Vx. Finally, define p to be the
atlas a composed with the inclusion Vx →֒ H0 
Definition 5.4. An orbifold X is an effective orbifold, if the actions of Aut (x)
on Vx as in the previous lemma can be chosen to be effective.
The finiteness of the stabilizer groups played a crucial role in the proof of Propo-
sition 5.2. Without this finiteness, one cannot arrange (in general) for even a single
arrow in an e´tale groupoid to induce a self-diffeomorphism of an open subset of the
object space. Additionally, even if each arrow had such an action, there is no guar-
antee that the (infinite) intersection running over all arrows in the stabilizing group
of these neighborhoods will be open. Hence, for a general e´tale groupoid, the best
we can get is a germ of a locally defined diffeomorphism. It is using these germs
that we shall extend the definition of effectiveness to arbitrary e´tale groupoids and
stacks.
Given a space X and a point x ∈ X , let Diff x (X) denote the group of germs
of (locally defined) diffeomorphisms (homeomorphisms if X is a topological space)
that fix x.
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Proposition 5.3. Let X be an e´tale stack and pick an e´tale atlas
V → X .
Then for each point x : ∗ → X ,
i) the point x factors (up to isomorphism) as ∗
x˜
−→ V
p
−→ X , and
ii) there is a canonical homomorphism Aut (x)→ Diff x˜ (V ).
Proof. Following the proof of Proposition 5.2, let V = H0 and let the homomor-
phism send each h ∈ Hx to the germ of t ◦ s
−1|Uh , which is a locally defined
diffeomorphism of V fixing x˜. 
Corollary 5.1. For H an e´tale S-groupoid, for each x ∈ H0, there exists a canon-
ical homomorphism of groups Hx → Diff x (H0).
Definition 5.5. Let x be a point of an e´tale stack X . The ineffective isotropy
group of x is the kernel of the induced homomorphism
Aut (x)→ Diff x˜ (V ) .
Similarly for H an e´tale groupoid.
Definition 5.6. An e´tale stack X is effective if the ineffective isotropy group of
each of its points is trivial. Similarly for H an e´tale groupoid.
Proposition 5.4. An orbifold X is an effective orbifold if and only if it is effective
when considered as an e´tale stack.
Proof. This follows from [22], Lemma 2.11. 
Definition 5.7. Let X be a space. Consider the presheaf
Emb : O (X)
op
→ Set,
which assigns an open subset U the set of embeddings of U into X . Denote by
H (X)1 the total space of the e´tale´ space of the associated sheaf. Denote the map
to X by s. The stalk at x is the set of germs of locally defined diffeomorphisms
(which no longer need to fix x). If germx (f) is one such germ, the element f (x) ∈ X
is well-defined. We assemble this into a map
t : H (X)1 → X.
This extends to a natural structure of an e´tale S-groupoid H (X) with objects X ,
called the Haefliger groupoid of X .
Remark. In literature, the Haefliger groupoid is usually denoted by Γ (X), but, we
wish to avoid the clash of notation with the stack of sections 2-functor.
Proposition 5.5. For H an e´tale S-groupoid, there is a canonical map
ι˜H : H → H (H0) .
Proof. For each h ∈ H1, choose a neighborhood U such that s and t restrict to
embeddings. Then h induces a homeomorphism
s (h) ∈ s (U)→ t (U) ∋ t (h) ,
namely t ◦ s−1|U . Define ι˜H by having it be the identity on objects and having it
send an arrow h to the germ at s (h) of t◦s−1|U . This germ clearly does not depend
on the choice of U . 
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The following proposition is immediate:
Proposition 5.6. An e´tale S-groupoid H is effective if and only if ι˜H is faithful.
Definition 5.8. Let H be an e´tale S-groupoid. The effective part of H is the
image in H (H0) of ι˜H. It is denoted by Eff (H). This is an open subgroupoid, so
it is clearly effective and e´tale. We will denote the canonical map H → EffH by
ιH.
Remark. H is effective if and only if ιH is an isomorphism.
5.2. E´tale invariance. Unfortunately, the assignment H 7→ Eff (H) is not func-
torial with respect to all maps, that is, a morphism of e´tale S-groupoids need not
induce a morphism between their effective parts. However, there are classes of maps
for which this assignment is indeed functorial. In this subsection, we shall explore
this functoriality.
Definition 5.9. Let P be a property of a map of spaces which forms a subcategory
of S. We say that P is e´tale invariant if the following two properties are satisfied:
i) P is stable under pre-composition with local homeomorphisms
ii) P is stable under pullbacks along local homeomorphisms.
If in addition, every morphism in P is open, we say that P is a class of open e´tale
invariant maps. Examples of such open e´tale invariant maps are open maps, local
homeomorphisms, or, in the smooth setting, submersions. We say a map ψ : G → H
of e´tale S-groupoids has property P if both ψ0 and ψ1 do. We denote corresponding
2-category of S-groupoids as (S −Gpd)
et
P . We say a morphism
ϕ : Y → X
has property P is there exists a homomorphism of e´tale S-groupoids
ψ : G → H
with property P , such that
ϕ ∼= [ψ] .
Warning: Do not confuse notation with (Set −Gpd), the 2-category of e´tale
S-groupoids and only local homeomorphisms. This only agrees with (S −Gpd)etP
when P is local homeomorphisms.
Remark. This agrees with our previous definition of a local homeomorphism of e´tale
stacks in the case P is local homeomorphisms. When P is open maps, under the
correspondence between e´tale stacks and e´tendues, this agrees with the notion of
an open map of topoi in the sense of [13]. When P is submersions, this is equivalent
to the definition of a submersion of smooth e´tendues given in [20].
Remark. Notice that being e´tale invariant implies being invariant under restriction
and local on the target, as in Definition 2.7.
Proposition 5.7. Let P be a property of a map of spaces which forms a subcategory
of S. P is e´tale invariant if and only if the following conditions are satisfied:
i) every local homeomorphism is in P
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ii) for any commutative diagram
W
g

f ′
// Y
g′

X
f
// Z,
with both g and g′ local homeomorphisms, if f has property P , then so does
f ′.
Proof. Suppose that P is e´tale invariant. Then, as P is a subcategory, it contains
all the identity arrows, and since it is stable under pre-composition with local home-
omorphisms, this implies that every local homeomorphism is in P . Now suppose
that f ∈ P , and
W
g

f ′
// Y
g′

X
f
// Z,
is commutative with both g and g′ local homeomorphisms. Then as P is stable
under pullbacks along local homeomorphisms, the induced map X ×Z Y → Y has
property P . Moreover, as local homeomorphisms are invariant under change of
base (Definition 2.7), the induced map X ×Z Y → X is a local homeomorphism. It
follows that the induced map W → X ×Z Y is a local homeomorphism, and since
f ′ can be factored as
W → X ×Z Y → Y,
and P is stable under pre-composition with local homeomorphisms, it follows that
f ′ has property P . Conversely, suppose that the conditions of the proposition
are satisfied. Condition ii) clearly implies that P is stable under pullbacks along
local homeomorphisms. Suppose that e : W → X is a local homeomorphism and
f : X → Z is in P . Then as
W
e

f◦e
// Z
idZ

X
f
// Z,
commutes, it follows that the f ◦ e has property P . 
Lemma 5.1. For any open e´tale invariant P , the assignment
H 7→ Eff (H)
extends to a 2-functor
EffP : (S −Gpd)
et
P → Eff (S −Gpd)
et
P
from e´tale S-groupoids and P -morphisms to effective e´tale S-groupoids and P -
morphisms.
Proof. Suppose ϕ : G → H has property P . Since Eff does not affect objects, we
define
Eff (ϕ)0 = ϕ0.
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Given g ∈ G1, denote its image in Eff (G)1 by [g]. Define
Eff (ϕ)1 ([g]) = [ϕ (g)] .
We need to show that this is well defined. Suppose that [g] = [g′]. Let Vg and
Vg′ be neighborhoods of g and g
′ respectively, on which both s and t restrict to
embeddings. Denote by x the source of g and g′. Then there exists a neighborhood
W of x over which
t ◦ s−1|g
and
t ◦ s−1|g′
agree. Since ϕ1 has property P , it is open, so ϕ1 (Vg) is a neighborhood of ϕ1 (g),
and similarly for g′. By making Vg and V
′
g smaller if necessary, we may assume
that s and t restrict to embeddings on ϕ1 (Vg) and ϕ1
(
V ′g
)
. Since ϕ is a groupoid
homomorphism, it follows that
t ◦ s−1|ϕ1(Vg)
and
ϕ0 ◦ t ◦ s
−1|Vg
agree on W , and similarly for g′. Hence, if g and g′ induce the same germ of a
locally defined homeomorphism, so do ϕ1 (g) and ϕ1 (g
′). It is easy to check that
Eff (ϕ) as defined is a homomorphism of S-groupoids. In particular, the following
diagram commutes:
Eff (G)1
s

Eff(ϕ)1 // Eff (H)
s

G0
ϕ0
// H0.
Since P is e´tale invariant and the source maps are local homeomorphisms, it implies
that Eff (ϕ)1 has property P . The rest is proven similarly. 
Theorem 5.2. Let jP : Eff (S −Gpd)
et
P →֒ (S −Gpd)
et
P be the inclusion. Then
EffP is left-adjoint to jP .
Proof. There is a canonical natural isomorphism
EffP ◦jP ⇒ idEff(S−Gpd)etP
since any effective e´tale groupoid is canonically isomorphic to its effective part.
Furthermore, the maps ιH assemble into a natural transformation
ι : id(S−Gpd)etP ⇒ jP ◦ EffP .
It is easy to check that these define a 2-adjunction. 
Theorem 5.3. EffP sends Morita equivalences to Morita equivalences.
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Proof. Suppose ϕ : G → H is a Morita equivalence. Since G and H are e´tale, this
implies ϕ is a local homeomorphism. Hence, in the pullback diagram
H1 ×H0 G0
pr1

pr2
// G0
ϕ0

H1
s // H0,
pr1 is a local homeomorphism, and hence the map
t ◦ pr1 : H1 ×H0 G0 → H0
is as well. We have a commutative diagram
H1 ×H0 G0
t◦pr1
//

H0
Eff (H)1 ×H0 G0.
t◦pr1
88qqqqqqqqqqqq
The map
Eff (H)1 ×H0 G0 → H1 ×H0 G0
is the pullback of a local homeomorphism, hence one itself, and the upper arrow
t ◦ pr1 is a local homeomorphism. This implies
t ◦ pr1 : Eff (H)1 ×H0 G0 → H0
is a local homeomorphism as well. In particular, it admits local sections, and if S
is manifolds, is a surjective submersion. Therefore Eff (ϕ) is essentially surjective.
Now suppose that
[h] : ϕ (x)→ ϕ (y) .
Then
h : ϕ (x)→ ϕ (y) .
So there is a unique g : x→ y such that ϕ (g) = h. Now suppose
[h] = [h′] .
We can again choose a unique g′ such that ϕ (g′) = h′. We need to show that
[g] = [g′] .
Let Vg and Vg′ be neighborhoods of g and g
′ respectively chosen so small that s
and t of G1 restrict to embeddings on them, s and t of H1 restrict to embeddings
on ϕ1 (Vg) and ϕ1
(
V ′g
)
, ϕ0 restricts to an embedding on s (Vg) , which is possible
since ϕ0 is a local homeomorphism, and
t ◦ s−1|ϕ1(Vg)
and
t ◦ s−1|ϕ1(V ′g)
agree on ϕ0 (s (Vg)) , which is possible since
[ϕ (g)] = [ϕ (g′)] .
Then by the proof of Lemma 5.1,
t ◦ s−1|ϕ1(Vg)
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and
ϕ0 ◦ t ◦ s
−1|Vg
agree on s (Vg), and similarly for g
′. Hence
ϕ0 ◦ t ◦ s
−1|Vg
and
ϕ0 ◦ t ◦ s
−1|V ′g
agree on W , but ϕ0 is an embedding when restricted to W , hence
t ◦ s−1|Vg
and
t ◦ s−1|V ′g
agree on W so [g] = [g′] . 
Lemma 5.4. Let U be an e´tale cover of H0, with H an e´tale S-groupoid. Then
there is a canonical isomorphism between Eff (HU ) and (Eff (H))U (See Definition
2.10).
Proof. Both of these groupoids have the same object space. It suffices to show that
their arrow spaces are isomorphic (and that this determines an internal functor).
Suppose the cover U is given by a local homeomorphism e : U → H0. An arrow in
HU is a triple
(h, p, q)
with
h : e (p)→ e (p) .
An arrow in (Eff (H))U is a triple
([h] , p, q)
such that [h] is the image of an arrow h ∈ H1 under ιH such that
h : e (p)→ e (p) .
Define a map
(HU)1 → ((Eff (H))U)1
(h, p, q) 7→ ([h] , p, q) .(10)
This map is clearly surjective.
We make the following claim:
[h] = [h′]
if and only if
[(h, p, q)] = [(h′, p, q)] .
Suppose that
[h] = [h′] .
Pick a neighborhood Uh of h in H1 such that both s and t are injective over it, and
U ′h an analogous neighborhood of h
′. Let W be a neighborhood of s (h) = s (h′)
over which
(11) t ◦ s|−1Uh = t ◦ s|
−1
U ′
h
.
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Pick neighborhoods Vp and Vq of p and q respectively so small that e is injective
over them, and for all a ∈ Vp,
e (a) ∈W
and
t ◦ s|−1Uh (e (a)) ∈ e (Vq) .
As the arrow space (HU )1 fits into the pullback diagram
(HU)1
//
(s,t)

H1
(s,t)

U × U // H0 ×H0,
(Vp × Vq × Uh) ∩ (HU )1 is a neighborhood of (h, p, q) over which both the source
and target maps are injective. The set (Vp × Vq × U
′
h) ∩ (HU )1 is an analogous
neighborhood of (h′, p, q). The local inverse of s through (h, p, q) is then given by
a 7→
(
s|−1Uh (e (a)) , a, e|
−1
Vp
(
t ◦ s|−1Uh (e (a))
))
.
Hence, the germ associated to (h, p, q) is the germ of
a 7→ e|−1Vp
(
t ◦ s|−1Uh (e (a))
)
.
Similarly the germ associated to (h′, p, q) is the germ of
a 7→ e|−1Vp
(
t ◦ s|−1U ′
h
(e (a))
)
.
From equation (11), it follows that these maps are identical. Moreover, supposing
instead that
[(h, p, q)] = [(h′, p, q)] ,
by the above argument, it follows that [h] = [h′] since e is injective over Vq.
Hence the assignment (10) depends only on the image of (h, p, q) in Eff (HU ). So
there is an induced well defined and surjective map
(12) (Eff (HU))1 → ((Eff (H))U )1 .
Since, [h] = [h′] implies [(h, p, q)] = [(h′, p, q)] , it follows that this map is also
injective, hence bijective. It is easy to check that it is moreover a homeomorphism.
It clearly defines a groupoid homomorphism 
Corollary 5.2. There is an induced 2-adjunction
EffEtP
jP
// EtP ,
EffPoo
between e´tale stacks with P -morphisms and effective e´tale stacks with P -morphisms,
where jP is the canonical inclusion.
Proof. Let U be an e´tale cover of H0, with H an e´tale S-groupoid. From the
previous lemma, there is a canonical isomorphism between Eff (HU ) and (Eff (H))U .
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Let G be an effective e´tale S-groupoid. Then
Hom ([Eff (H)] , [G]) ≃ holim
−−−−−−−→
U
Hom((Eff (H))U ,G)
≃ holim
−−−−−−−→
U
Hom(Eff (HU ) ,G)
≃ holim
−−−−−−−→
U
Hom(HU , jPG)
≃ Hom([H] , jP [G]) .

Note that this implies that EffEtP is a localization of EtP with respect to those
morphisms whose image under EffP become equivalences. When P is local home-
omorphisms, denote P = et. We make the following definition for later:
Definition 5.10. A morphism ϕ : Y → X between e´tale stacks is called an
effective local equivalence if ϕ is a local homeomorphism and Effet (ϕ) is an
equivalence.
6. Small Gerbes
6.1. Gerbes. Gerbes are a special type of stack. Gerbes were first introduced by
Jean Giraud in [10]. Intuitively, gerbes are to stacks what groups are to groupoids.
In some sense, a gerbe is “locally” a sheaf of groups. The most concise definition
of a gerbe is:
Definition 6.1. A gerbe over a Grothendieck site (C , J) is a stack G over C such
that
i) the unique map G → ∗ to the terminal sheaf is an epimorphism, and
ii) the diagonal map G → G × G is an epimorphism.
The first condition means that for any object C ∈ C0, the unique map C → ∗
locally factors through G → ∗, up to isomorphism. Spelling this out means that
there exists a cover (fα : Cα → C) of C such that each groupoid G (Cα) is non-
empty. This condition is often phrased by saying G is locally non-empty.
The second condition means that for all C, any map C → G × G locally factors
through the diagonal G → G × G up to isomorphism. Spelling this out, any map
C → G ×G , by Yoneda, corresponds to objects x and y of the groupoid G (C). The
fact that this map locally factors through the diagonal means that, given two such
objects x and y, there exists a cover (gβ : Cβ → C) of C such that for all β,
G (fβ) (x) ∼= G (fβ) (y)
in G (Cβ). This condition is often phrased by saying G is locally connected.
If it were not for the locality of these properties, then this would mean that each
G (C) would be a non-empty and connected groupoid, hence, equivalent to a group.
Definition 6.2. The full sub-2-categeory of St (C ) on all gerbes, is called the
2-category of gerbes and is denoted by Gerbe (C ).
Definition 6.3. Let (C , J) be a Grothendieck site, then a bouquet over (C , J) is
a groupoid object in sheaves, G, such that
i) the canonical map G0 → ∗ to the terminal sheaf is an epimorphism, and
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ii) the canonical map (s, t) : G1 → G0 ×G0 is an epimorphism.
Notice the similarity of this definition with that of Definition 6.1.
Theorem 6.1. A stack Z over (C , J) is a gerbe if and only if it is equivalent to
the stack associated to a bouquet G ∈ Gpd (Sh (C )). [7]
6.2. Small gerbes over an e´tale stack.
Definition 6.4. A small gerbe over an e´tale stack X is a small stack G over X
which is a gerbe. To be more concrete, a small gerbe over [H] is a gerbe over the
site Site (H).
Remark. Under the correspondence between e´tale stacks and etendues, we could
also define a small gerbe over X as a gerbe over the topos Sh (X ).
Lemma 6.2. Let X be an e´tale stack and let f : Z → X be a local homeomor-
phism. Then f is an epimorphism in St (S) if and only if f is an epimorphism when
considered as a map from Z → X in Et (X ) to the terminal object X → X ,
where Et (X ) is the 2-category of local homeomorphisms over X .
Proof. Fix an e´tale S-groupoid H such that X ≃ [H] . If f is an epimorphism
in St (S), then any map T → X from a space T locally factors through f up to
isomorphism. In particular, this holds for every local homeomorphism T → X from
a space. Hence, f is an epimorphism in Et (X ). Conversely, suppose that f is an
epimorphism in Et (X ). Then the atlas a : H0 → X locally factors through f up
to isomorphism. However, every map T → X from a space locally factors through
a up to isomorphism as well. It follows that f is an epimorphism in St (S). 
Corollary 6.1. Let f : Z → X be a local homeomorphism of e´tale stacks. Then
the stack in St (X ) represented by f is a gerbe over X if and only if
i) f is an epimorphism in St (S) , and
ii) the induced map Z → Z ×X Z is an epimorphism in St (S).
In other words, when identifying f with an object of St (S/X ), it is a gerbe.
Proof. It suffices to show that if q : Z → Z ×X Z is an epimorphism in Et (X ),
then it is an epimorphism in St (S). Choose an e´tale atlas
Y → Z ×X Z
for Z ×X Z . Then this atlas locally factors through q up to isomorphism. However,
any map T → Z ×X Z locally factors through Y up to isomorphism. 
Remark. In the differentiable setting, this implies that the e´tale´ realization of a
small gerbe G over an e´tale stack X , in particular, is a differentiable gerbe over
X in the sense of [3], Definition 4.7.
Definition 6.5. Let H be an e´tale S-groupoid. By a bouquet over H, we mean a
bouquet over Site (H). Explicitly, this is a groupoid object G in BH such that
i) µ0 : G0 → H0 is surjective, and
ii) (s, t) : G1 → G0 ×H0 G0 is surjective.
In light of Theorem 6.1 and the adjoint-equivalence
St (X )
L¯
// Et (X )
Γ¯oo ,
of Corollary 3.2, we have the following corollary:
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Corollary 6.2. For an e´tale stack X ≃ [H], the 2-category of small gerbes over X ,
Gerbe (X ) , is equivalent to the full sub-2-category of those local homeomorphisms
Z → X in Et (X ) which are of the form L¯ (G) for a bouquet G over H.
6.3. Characterizing gerbes by their stalks. In this subsection, we will show
that small gerbes over an e´tale stack have a simple characterization in terms of
their stalks:
Theorem 6.3. Let X be an e´tale stack. A small stack Z over X is a small gerbe
if and only if for every point
x : ∗ → X ,
the stalk Zx of Z at x is equivalent to a group.
Proof. Fix H an e´tale groupoid such that X ≃ [H] and x˜ ∈ H0 a point such that
x ∼= p ◦ x˜, where p : H0 → X is the atlas associated to H. Suppose that G is a
small gerbe over X . Then, since G is locally non-empty,
Zx ≃ holim
−−−−−−−→
x˜∈U
Z (U) ,
is a non-empty groupoid. Furthermore, since G is locally connected, it follows that
holim
−−−−−−−→
x˜∈U
Z (U)
is also connected, hence, equivalent to a group.
Conversely, suppose that Z is a small stack and that
Zx ≃ holim
−−−−−−−→
x˜∈U
Z (U)
is equivalent to a group. This means it is a non-empty and connected groupoid. It
follows that Z is locally non-empty and locally connected, hence a gerbe. 
The significance of this theorem is the following:
Suppose we are given an effective e´tale stack X and a small gerbe G over it. By
taking stalks, we get an assignment to each point x of X a group Gx. From this
data, we can build a new e´tale stack by taking the e´tale realization of G . Denote
this new e´tale stack by Y . As it will turn out, if G is non-trivial, Y will not be
effective, but it will have X as its effective part and, for each point x of X , the
stalk Gx will be equivalent to the ineffective isotropy group of x in Y . In particular,
if X is a space X , Y will be an e´tale stack which “looks like X” except that each
point x ∈ X, instead of having a trivial automorphism group, will have a group
equivalent to Gx as an automorphism group. In this case, every automorphism
group will consist entirely of purely ineffective automorphisms.
6.4. Gerbes are full effective local equivalences. In this subsection, we will
characterize which small stacks Z over an e´tale stack X are gerbes in terms of
their e´tale realization. In particular, we will show that when X is effective, gerbes
over X are the same as e´tale stacks Y whose effective part are equivalent to X .
Let H be an e´tale S-groupoid and let K, with
µi : Ki → H0
for i = 0, 1, be a groupoid object in BH. Then the map
θK : H⋉K → H
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factors through the canonical map
pK : Hµ0 → H.
Recall (Definition 2.10) that Hµ0 has K0 as object space, and an arrow from x to
y is an arrow
h : µ0 (x)→ µ0 (y)
in H, and we write such an arrow as (h, x, y). Define θ′K on objects to be the
identity, and on arrows by sending an arrow (h, k) in H ⋉K to
(h, s (k) , t (k)) .
Then θK = pK ◦ θ
′
K.
Lemma 6.4. In the situation above, let H be effective. Then for two arrows (hi, ki)
i = 1, 2, in H⋉K,
(13) θ′K (h1, k1) = θ
′
K (h2, k2)
if and only if
(14) [(h1, k1)] = [(h1, k1)] ,
where the bracket denotes the image in Eff (H ⋉K) .
Proof. Suppose that (13) holds, with ki : hi · xi → yi. Then
h1 = h2 =: h,
x1 = x2 := x,
and
y1 = y2 =: y.
Let V be a neighborhood of hx in K0 over which µ0 restricts to an embedding. Let
U be a neighborhood of h in H1 over which s and t restrict to embeddings, and Wi
be analogous neighborhoods of k1 and k2 in K1. For all i, let
Oi :=
((
Wi ∩ µ
−1
1 (U)
)
× U
)
∩ (H ⋉K)1 ⊂ (H⋉K)1 .
Let
M :=
⋂
i=1,2
(
t
(
Oi ∩ s ◦ t|
−1
Wi
(V )
))
⊂ K0,
and
fi :M → K1
be given by fi :=
(
t|−1Wi
)
|M . Then the target map ofH⋉K restricts to an embedding
over Oi, and letting
σi :=
(
t|−1Oi
)
|M ,
we have [
(hi, ki)
−1
]
= s ◦ σi.
Moreover, for each x ∈ Oi,
σi (x) =
(
t|−1U (µ1 (fi (x))) , fi (x)
)
.
Since for all i,
µ1 (fi (x)) = µ0 (t ◦ fi (x)) = µ0 (x) ,
this simplifies to
σi (x) =
(
t|−1U (µ0 (x)) , fi (x)
)
.
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So, for all i,
s ◦ σi (x) =
(
t|−1U (µ0 (x))
)−1
· s (fi (x)) .
But
µ0 (x) = µ0 (s ◦ f1 (x)) = µ0 (s ◦ f2 (x)) ,
and s ◦ fi (x) ∈ V for all i, so,
s ◦ f1 (x) = s ◦ f2 (x) .
This implies
s ◦ σ1 (x) = s ◦ σ2 (x) ,
i.e. [
(h1, k1)
−1
]
=
[
(h2, k2)
−1
]
.
Hence
[(h1, k1)] = [(h2, k2)] .
Conversely, suppose
[(h1, k1)] = [(h2, k2)] .
Then
(15)
(
t|−1U1 (µ0 (x))
)−1
· s (f1 (x)) =
(
t|−1U2 (µ0 (x))
)−1
· s (f2 (x))
on some neighborhood Ω of x, which we may assume maps homeomorphically onto
its image under µ0. Applying µ0 to (15) yields
s ◦ t|−1U1 (y) = s ◦ t|
−1
U2
(y) ,
for all y ∈ µ0 (Ω). This implies that h1 and h2 have the same germ. As H is
effective, this implies h1 = h2. This in turn implies that s ◦ f1 and s ◦ f2 agree on
Ω, hence k1 and k2 have the same germ. In particular, they have the same source
and target, hence
θ′K (h1, k1) = θ
′
K (h2, k2) .

Theorem 6.5. Let H be an effective e´tale S-groupoid and let G be a bouquet over
H. Then
Eff (H ⋉G) ∼= Hµ0 .
Proof. Define a map ϕ : Hµ0 → Eff (H⋉G) as follows. On objects define it as the
identity. Notice that the arrows of Hµ0 are triples (h, x, y) such that
h : µ0 (x)→ µ0 (y) .
For such a triple,
(hx, y) ∈ G0 ×H0 G0.
Recall that
(s, t) : G1 → G0 ×H0 G0
is surjective. For each (hx, y) ∈ G1 → G0 ×H0 G0, choose a γ ∈ G0 such that
γ : hx→ y,
and define
κ (h, x, y) := [(h, γ)] .
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From the previous lemma, κ does not depend on our choice. Moreover, (s, t) admits
continuous local sections, so it follows that κ is continuous. Suppose that
κ (h, x, y) = κ (h′, x′, y′) .
Then
θ (h, γ) = θ (h′, γ′)
which in turn implies
(h, x, y) = κ (h′, x′, y′) .
Hence κ is injective. Now let [(h, γ)] ∈ Eff (H ⋉G)1 be arbitrary. Then
[(h, γ)] = κ (h, s (γ) , t (γ)) ,
so κ is bijective, hence an isomorphism. Moreover, identifying Hµ0 with its effective
part,
κ−1 = Eff (θ′G) ,
and in particular, is continuous. 
Corollary 6.3. For G a bouquet over an effective e´tale S-groupoid H,
L (G) = G → X
is an effective local equivalence over X ≃ [H].
Proof. As θG = pG ◦ θ
′
G and pG is a Morita equivalence, it suffices to show that
Eff (θ′G) is an equivalence, but this is clear as κ is its inverse, by construction. 
Corollary 6.4. If G = (ρ : G → X ) ∈ Gerbe (X ) is a small gerbe over an effective
e´tale stack X , G → X is an effective local equivalence.
Theorem 6.6. Consider the map of e´tale S-groupoids
ιG : G → Eff (G) =: H.
Then
Γ¯ ([ιG ]) ∈ St ([H])
is a gerbe.
Proof. By Theorem 4.2, it suffices to show that P (ιG) is a bouquet over H. The
map
t ◦ pr1 : H1 ×H0 G0 → H0
is clearly surjective, as we may identify it with the map
t : H1 → H0.
It suffices to show that the map
H1 ×H0 G1 → H1 ×H0 H1
(h, g) 7→ (h[g], h)
is surjective, where H1 ×H0 H1 is the pullback
H1 ×H0 H1

// H1
t

H1
t // H0.
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Given l and l′ in H1 with common target, choose g such that [g] = l
′−1l. Then
(l′, g) gets sent to (l, l′) . 
Corollary 6.5. G = (ρ : G → X ) ∈ Et (X ) is a small gerbe over an effective
e´tale stack X if and only if ρ : G → X is an effective local equivalence.
Corollary 6.6. If X is an orbifold, it encodes a small gerbe over its effective part
Eff (X ) via
ιX : X → Eff (X ) ,
where ι is the unit of the adjunction in Theorem 5.2.
Theorem 6.7. Let X be an effective e´tale stack and G a small gerbe over it.
Denote by Y the underlying e´tale stack of the e´tale realization of G . Then, under
the natural bijection between the points of X and the points of Y , for each point
x, the stalk Gx is equivalent to the ineffective isotropy group of x in Y , as defined
in Definition 5.5.
Proof. Represent X by an e´tale groupoidH and G by a bouquet G overH. Denote
the objects of the bouquet by
µ0 : G0 → H0.
Then the e´tale realization of G is induced by the map of groupoids
θ′G : H⋉G→ Hµ0 ,
where Hµ0 is the Cˇech groupoid with respect to the e´tale cover µ0 and θ
′
G is as
defined in the beginning of this subsection. To the e´tale cover µ0, there is an
associated atlas
p′ : G0 → X .
Let x be a point of X . Then there exists a point x˜ ∈ G0 such that x ∼= p
′ ◦ x˜. On
one hand, from Section 3.3, it follows that the stalk Gx is equivalent to the weak
pullback in S-groupoids
∗ ×Hµ0 (H⋉G)
//

H ⋉G
θ′
G

∗
x˜ // G0
p′
// Hµ0 ,
which is necessarily a connected groupoid.
An object of this groupoid can be described by a pair of the form (z, h) with
z ∈ G0 and h ∈ H1 such that
h : µ0 (x˜)→ µ0 (z) .
An arrow from (z, h) to (z′, h′) , can be described simply as an arrow
γ : z → z′
in G1.
Since this groupoid is equivalent to a group, it must be equivalent to the isotropy
group of any object. Consider the object
(
x˜, 1µ0(x˜)
)
. Then its isotropy group is
canonically isomorphic to Gx˜, the isotropy group of x˜ in G.
On the other hand, the ineffective isotropy group of x is isomorphic to the kernel
of the homomorphism
(H⋉G)x˜ → Diff x˜ (G0)
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induced from the canonical map
(H ⋉G)→ H (G0) .
From Lemma 6.4, it follows that the this is the same as the kernel of the map
(H ⋉G)x˜ → Hµ0(x˜)
(h, l) 7→ h
which is induced from θ′G and the canonical identification
(Hµ0)x˜
∼= Hµ0(x˜).
This kernel is clearly isomorphic to Gx˜ as well. 
Hence, we can use the data of a small gerbe over an effective e´tale stack to add
ineffective isotropy groups to its points, as claimed. The rest of this subsection
will be devoted to characterizing gerbes over general e´tale stacks which need not
be effective.
Definition 6.6. A map of stacks X → Y is full if for every space T , the induced
map of groupoids X (T )→ Y (T ) if full as a functor.
Proposition 6.1. Let ρ : G → X be a small gerbe over an e´tale stack. Then ρ is
a full epimorphism.
Proof. The fact that it is an epimorphism is clear. To see that it is full, we may
assume it is of the form L¯ (G) for a bouquet G. This means it is the stackification
of the map
θG : H ⋉G→ H,
where X ≃ [H] . Such a map is clearly full. 
Theorem 6.8. Let ρ : G → Y be a local homeomorphism of e´tale stacks. If
ρ : G → Y is a small gerbe over Y , then
ιY ◦ ρ : G → Eff (Y )
is a small gerbe over Eff (Y ). Conversely, ρ : G → Y is a small gerbe over Y if
and only if
ιY ◦ ρ : G → Eff (Y )
is a small gerbe over Eff (Y ) and ρ is full.
Proof. Suppose that ρ : G → Y is a small gerbe over Y . In particular, this implies
ρ : G → Y is an epimorphism. From Theorem 6.6, ιY is a gerbe, hence also an
epimorphism. This implies ιY ◦ ρ is an epimorphism. Let X := Eff (Y ) . The
following diagram is a 2-pullback:
G ×Y G //

Y

G ×X G // Y ×X Y .
Since ιY is a gerbe, the map Y → Y ×X Y is an epimorphism, hence so is
G ×Y G → G ×X G .
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The composite,
G → G ×Y G → G ×X G
is an epimorphism, since G is a gerbe over Y . Hence G is a gerbe over X .
Conversely, suppose that ιY ◦ρ is a gerbe over X and that ρ is full. In particular,
it is an epimorphism. Let ϕ : G → K be a map of S-groupoids such that
[ϕ] ∼= ρ.
Let H = Eff (K) . Then the map
t ◦ pr1 : H1 ×H0 G0 → H0
is a surjective local homeomorphism. To show that ρ is an epimorphism, we want
to show that the induced map
t ◦ pr1 : K1 ×K0 G0 → K0 = H0
is a surjective local homeomorphism. It is automatically a local homeomorphism
as pr1 is the pullback of one and t is one. It suffices to show that it is surjective.
However, it can be factored as
K1 ×K0 G0 → H1 ×H0 G0 → H0.
To show that G is in fact a gerbe over Y , we need to show that G → G ×Y G is
an epimorphism. In terms of groupoids, this is showing that the map
t ◦ pr1 : (G ×K G)1 ×(G×KG)0 G0 → (G ×K G)0
is a surjective local homeomorphism, where (G ×K G) is a weak pullback of S-
groupoids. To see that it is a local homeomorphism, note that we have the following
commutative diagram:
(G ×H G)1 ×(G×HG)0 G0
et //
et

(G ×H G)0
et

(G ×K G)1 ×(G×KG)0 G0
// (G ×K G)0 ,
where the maps marked as et are local homeomorphisms. Since G → X is a gerbe,
we know the map
(G ×H G)1 ×(G×HG)0 G0 → (G ×H G)0
is a surjective local homeomorphism. This implies that for every
[γ] : ϕ (x1)→ ϕ (x2)
in (G ×H G)0, there exists g1 and g2 in G1 such that
[γ] ◦ [ϕ (g1)] = [ϕ (g2)] .
Suppose instead we are given
γ : ϕ (x1)→ ϕ (x2)
in (G ×K G)0 . Then as ρ is full, so is ϕ, hence
γ = ϕ (a)
for some a ∈ G1. Now, there exists g1 and g2 in G1 such that
[γ] ◦ [ϕ (g1)] = [ϕ (g2)] .
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Let g′2 := (a ◦ g1)
−1
. Then (g1, g2) is an arrow in (G ×K G) from(
x, x, 1ϕ(x)
)
to
(x1, x2, γ) .
Hence
(G ×K G)1 ×(G×KG)0 G0 → (G ×K G)0
is a surjection. 
Corollary 6.7. Let G = (ρ : G → X ) be a local homeomorphism of e´tale stacks.
Then G is a small gerbe over X if and only if ρ is a full, effective local equivalence.
Proof. Suppose that G is a gerbe. From Theorem 6.6, ιX : X → Eff (X ) is a
small gerbe over Eff (X ) . Hence the composite ιX ◦ ρ is a gerbe over Eff (X ) by
Theorem 6.8. By Corollary 6.4, this implies that it is an effective local equivalence,
i.e.
Eff (ιX ◦ ρ) = Eff (ιX ) ◦ Eff (ρ)
is an equivalence. But Eff (ιX ) is an isomorphism, hence Eff (ρ) is an equivalence.
So ρ is an effective local equivalence. It is full by Proposition 6.1.
Conversely, suppose that ρ is full and an effective local equivalence. It follows
that ιX ◦ρ is an effective local equivalence over Eff (X ), hence a gerbe by Corollary
6.5. The result now follows from Theorem 6.8. 
7. The 2-Category of Gerbed Effective E´tale Stacks
In this section, we will treat topological and differentiable stacks as fibered cat-
egories (categories fibered in groupoids over S). The Grothendieck construction
provides an equivalence of 2-categories between this description, and the one in
terms of groupoid valued weak 2-functors [13]. We will assume the reader is fa-
miliar with the language of fibered categories and this equivalence. For a quick
introduction to fibered categories, see for instance [8]. For a fibered category X ,
we shall denote the structure map which makes it a fibered category over S by pX .
For a diagram of fibered categories:
Z
ρ

X
g
// Y ,
we choose the explicit weak pullback described as follows. The objects of g∗ (Y )
are triples (x, z, r) in X0 ×Z0 ××Y1 such that
pX (x) = pZ (z) = T
and
r : g (x)→ ρ (z) ,
with r ∈ Y (T ) . An arrow between a triple (z1, x1, r1) and a triple (z2, x2, r2) is a
pair (u, v) ∈ Z1 ×X1 such that
pZ (u) = pX (v) ,
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making the following diagram commute:
g (x1)
r1

g(u)
// g (x2)
r2

ρ (z1)
ρ(v)
// ρ (z2) .
It has structure map
pg∗Y (x, z, r) = pZ (z) = pX (x) ,
pg∗Y (u, v) = pZ (u) = pX (v) .
We denote the canonical projections as pr1 : g
∗ρ → Z and pr2 : g
∗ρ → Y . We
define g∗ρ as the map pr1 : g
∗Y → Z .
Given α : f ⇒ g with g : X → Y , there is a canonical map
α∗ : g∗ρ→ f∗ρ
given on objects as
(z, x, r) 7→ (z, x, r ◦ α(z)) ,
and given as the identity on arrows. This strictly commutes over X . We denote
the associated map in St (S) /X as α∗ρ.
Given a composable sequence of arrows,
W
f
−→ X
g
−→ Y ,
there is a canonical isomorphism χg,f : f
∗g∗Z → (gf)
∗
Z given on objects as
(w, (x, z, r) , q) 7→ (w, z, r ◦ g (q)) ,
and on arrows as
(u, (a, b)) 7→ (u, b) .
This strictly commutes over W . We denote the associated map in St (S) /W by
the same name.
In a similar spirit, given τ : W → Y with m : ρ→ τ in St (S) /Y , and
f : X → Y ,
there is a canonical map
f∗m : f∗ρ→ f∗τ
in St (S) /X , and given φ : m⇒ n, with g : ρ→ τ , there is a canonical 2-cell
f∗φ : f∗m⇒ f∗n.
We invite the reader to work out the details.
Finally, we note that if
f : X → Y ,
ρ : Z → Y ,
λ : W → X ,
ζ : W → Z ,
and
ω : ρ ◦ ζ ⇒ f ◦ λ,
there is a canonical map
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(λ, ζ, ω) : W → f∗Z
w 7→
(
λ(w), ζ(w), ω(w)−1
)
l 7→ (λ(l), ζ(l)) .
This data provides us with coherent choices of pullbacks. We will now use this
data to construct a 2-category we will call the 2-category of gerbed effective
e´tale stacks. We will denote it by Gerbed (EffEt).
Its objects are pairs (X , σ) with X an effective e´tale stack and σ → X an
effective local equivalence. Of course, this is the same data as a small gerbe over
X .
An arrow from (X , σ) to (Y , τ) is a pair (f,m) where f : X → Y and
m : σ → f∗τ in St (S) /X . Note that this is equivalent data to a map in St (X )
from σ to f∗τ viewed as gerbes.
A 2-cell between such an (f,m) and a
(g, n) : (X , σ)→ (Y , τ) ,
is a pair (α, φ) with α : f ⇒ g a 2-cell in EffEt, and φ a 2-cell in St (S) /X such
that
σ
n //
m
  
❅❅
❅❅
❅❅
❅❅
❅❅
❅❅
❅❅
❅❅
❅ g
∗τ
α∗τ

φ④
④④
y ④④
④④
f∗τ.
Composition of 1-morphisms is given as follows:
If
(X , σ)
(f,m)
−−−−−−−→ (Y , τ)
(g,n)
−−−−−−−→ (Z , ρ) ,
is a pair of composable 1-morphisms, define their composition as (gf, n ∗m) , where
n ∗m is defined as the composite
σ
m
−−−−−−−→ f∗τ
f∗(n)
−−−−−−−→ f∗g∗ρ
χg,f
−−−−−−−→ (gf)
∗
ρ.
Vertical composition of 2-cells is defined in the obvious way.
Suppose
(α, φ) : (f,m)⇒ (k, p)
and
(β, ψ) : (g, n)⇒ (l, p) ,
with
(f,m) : (X , σ)→ (Y , τ)
and
(g, n) : (Y , τ)→ (Z , ρ) .
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Denote the horizontal composition of β with α by β ◦ α. Then we define the
horizontal composition of 2-cells
(β, ψ) ◦ (α, φ) : (g, n) ◦ (f,m)⇒ (l, p) ◦ (k, o) ,
by
(β, ψ) ◦ (α, φ) = (β ◦ α, ψ ∗ φ) ,
where ψ ∗ φ is defined by the pasting diagram:
k∗l∗ρ
χl,k
//
(k∗◦β∗)(ρ)

(lk)
∗
(ρ)
(β◦k)∗(ρ)

k∗τ
α∗(τ)

k∗(ρ)
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
k∗(n)
//
k∗(ψ)
❦❦❦
❦❦❦❦
❦
qy ❦❦❦❦❦❦❦
❦
k∗g∗ρ
(α∗◦g∗)(ρ)

χg,k
// (gk)∗ (ρ)
(gα)∗(ρ)

σ
p
66♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
m
//
φ❧❧
❧❧❧❧❧❧
❧❧
rz ❧❧❧❧
❧
❧❧❧
❧❧
f∗τ
f∗(n)
// f∗g∗ρ χg,f
// (gf∗)
∗
(ρ) .
Remark. What we have actually done is applied the Grothendieck construction for
bicategories [2] to the trifunctor which associates to each effective e´tale stack, the
2-category of effective local equivalences over X (which we know to be equivalent
to the 2-category Gerbe (X ) of small gerbes over X ).
If P is an e´tale invariant subcategory of spaces, we can similarly define the 2-
category Gerbed (EffEt)P in which each underlying 1-morphism in EffEt must lie in
EffEtP .
Theorem 7.1. P is an open e´tale invariant subcategory of spaces. Then the 2-
category Gerbed (EffEt)P of gerbed effective e´tale stacks and P -morphisms is equiv-
alent to the 2-category EtP of e´tale stacks and P -morphisms (See Corollary 5.2).
Proof. Define a 2-functor Θ : EtP → Gerbed (EffEt)P .
On objects:
Θ(X ) = (Eff (X ) , ιX ) ,
where ι is the unit of the adjunction in Theorem 5.2. This associates X to the
gerbe it induces over Eff (X ) .
On arrows: Suppose ϕ : X → Y is a map in EtP . Notice that the diagram
X
ϕ
//
ιX

Y
ιY

Eff (X )
Eff(ϕ)
// Eff (Y ) ,
commutes on the nose, so there is an associated map
(ιX , ϕ, id) : X → Eff (ϕ)
∗
Y .
Define Θ (ϕ) = (Eff (ϕ) , (ιX , ϕ, id)) .
On 2-cells: Suppose that ϕ′ : X → Y and
α : ϕ⇒ ϕ′.
Then define
Θ (α) = (Eff (α) , α˜) ,
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where
α˜ : X0 →
(
Eff (ϕ)
∗
ρ
)
1
is defined by the equation
α˜ (x) =
(
id, α(x)−1
)
.
We leave it to the reader to check that Θ is 2-functor.
Define another 2-functor
Ξ : Gerbed (EffEt)P → EtP .
On objects: If σ : G → X is an effective local equivalence, denote G by σ. Let
Ξ (X , σ) := σ.
On arrows: Suppose (f,m) : (X , σ)→ (Y , τ). Denote the underlying map of m
by
m : σ → f∗τ .
Define
Ξ (f,m) := pr2 ◦m : σ → τ ,
where
pr2 : f
∗τ → τ
is the canonical projection.
On 2-cells: Given
(g, n) : (X , σ)→ (Y , τ)
and
(α, φ) : (f,m)→ (g, n) ,
define Ξ ((α, φ)) by the following pasting diagram:
σ
φ−1
❳❳❳❳❳
❳❳❳❳❳
❳❳❳❳
❳
❳❳❳❳
❳❳❳❳❳
❳❳❳❳❳
❳
(0❳❳❳
❳❳❳❳❳
❳❳❳❳
❳❳❳
❳❳❳❳
❳❳❳❳❳
❳❳❳❳
❳❳
m
//
n
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘ f∗Y
pr2
// Y .
g∗Y
α∗(τ)
OO
pr2
;;✇✇✇✇✇✇✇✇✇✇✇✇✇✇✇✇✇✇✇✇
By direct inspection, one can see that
Ξ ◦Θ = idEffEtP .
There is furthermore a canonical natural isomorphism
Θ ◦ Ξ⇒ idGerbed (EffEt)P .
On objects
Θ ◦ Ξ ((X , σ)) =
(
Eff (σ) , ισ
)
.
By Corollary 6.4 and Theorem 6.6, this is canonically isomorphic to (X , σ). More-
over, if
(f,m) : (X , σ)→ (Y , τ) ,
then
ΘΞ ((f,m)) =
(
Eff (pr2 ◦m) ,
(
ισ, pr2 ◦m, id
))
.
Consider the following diagram:
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Eff (σ)
Eff(m)
//
Eff(σ)
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
Eff (pr2)
Eff(f∗τ)

Eff(f∗τ)
// Eff (τ )
Eff(τ)

Eff (X )
Eff(f)
// Eff (Y )
X
ιX
OO
f
// Y .
ιY
OO
Since σ and f∗τ are effective local equivalences, the triangle consists of all equiv-
alences. The lower square likewise consists of all equivalences as X and Y are
effective. We leave the rest of the details to the reader. 
Corollary 7.1. There is an equivalence of 2-categories between gerbed effective
e´tale differentiable stacks and submersions, Gerbed (EffEt)subm, and the 2-category
of e´tale differentiable stacks and submersions, Etsubm.
Remark. Some variations of this are possible. For example, if we restrict to e´tale
stacks whose effective parts are (equivalent to) spaces, so-called purely ineffective
e´tale stacks, then the functor Eff extends to all maps. The proof of Theorem 7.1
extends to this setting to show that purely ineffective e´tale stacks are equivalent to
the 2-category of gerbed spaces, a result claimed in [11]. This theorem is a corrected
version of theorem 94 of [18] (which is unfortunately incorrect since there is an error
on the top of page 44, see the remark after Corollary 3.2). Moreover, by results of
[11], this restricts to an equivalence between purely ineffective orbifolds and gerbed
manifolds whose gerbe has a locally constant band with finite stabilizers.
Appendix A. Sheaves in Groupoids vs. Stacks
Definition A.1. Let C be a small category. A strict presheaf in groupoids
over C is a strict 2-functor F : C op → Gpd to the 2-category of (small) groupoids.
Notice that this is the same as a 1-functor C op → τ1 (Gpd), where the target is the
1-category of groupoids. A morphism of strict presheaves is a strict natural trans-
formation (i.e. a natural transformation between their corresponding 1-functors
into τ1 (Gpd)). A 2-morphism between two natural transformations αi : F ⇒ G,
i = 1, 2, is an assignment to each object C of C a natural transformation
w(C) : α1(C)⇒ α2(C)
subject to the following condition:
For all f : D → C, we have two functors from F (C) to G(D), namely
G(f)α1(C) = α1(D)F (f)
and
G(f)α2(C) = α2(D)F (f).
Given our assignment C 7→ w(C), we have two different natural transformations
between these functors: G(f)w(C) and w(D)F (f). w is called a modification
if these two natural transformations are equal. Modifications are the 2-cells of
strict presheaves. This yields a strict 2-category of strict presheaves in groupoids
Psh(C , Gpd).
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Proposition A.1. The 2-category Psh(C , Gpd) is equivalent to the 2-category of
groupoid objects in SetC
op
.
Proof. Let ( ·)i : τ1 (Gpd) → Set, i = 0, 1, 2 be the functors which associate to a
groupoid G its set of objects G0, its set of arrows G1, and its set G2 of composable
arrows respectively. Let F : C op → τ1 (Gpd) be a strict presheaf of groupoids.
Then each Fi is an ordinary presheaf of sets. Moreover, for each C, F (C) is a
groupoid, which we may write as demanding certain diagram involving each F (C)i
to commute. These assemble to a corresponding diagram for the global Fi’s, show-
ing they form a groupoid object in SetC
op
, Q(F ). Given 1-morphism α : F ⇒ G
in Psh(C , Gpd), let Q(α) : Q(F )→ Q(F ) be the internal functor with components
Q(α)i(C) = α(C)i for i = 0, 1. Finally, let w be a modification from α to β. Then,
in particular, for each C, w(C) : α(C)⇒ β(C) is a natural transformation, so is a
map w(C) : F (C)0 → G(C)1 satisfying the obvious properties. It is easy to check
that the conditions for w to be a modification are precisely those for the family
(w(C) : F (C)0 → G(D)1) to assemble into a natural transformation
Q(w) : F0 ⇒ G1.
Since w is point-wise a natural transformation, Q(w) is an internal natural trans-
formation. It is easy to check that this is indeed an equivalence of 2-categories with
an explicit inverse on objects given by
G 7→ Hom( · ,G) .

Definition A.2. Let (C , J) be a Grothendieck site. Then a sheaf of groupoids is
a strict presheaf F : C op → τ1 (Gpd) such that for any covering family (Ci → C)i,
the induced morphism
F (C)→ lim
←−
∏
i
F (Ci) →→
∏
i,j
F (Cij)

is an isomorphism of groupoids. Sheaves of groupoids form a full sub-2-category
Sh(C , Gpd) of strict presheaves of groupoids.
The following proposition is easily checked:
Proposition A.2. The 2-functor Q : Psh(C , Gpd) → Gpd
(
SetC
op
)
restricts to
an equivalence Q : Sh(C , Gpd)→ Gpd (Sh (C )).
Analogously to sheaves of sets, there is a 2-adjunction
Sh(C , Gpd)
i
// Psh(C , Gpd)
shoo ,
where sh denotes sheafification.
Denote by j : Psh(C , Gpd) → GpdC
op
the “inclusion” of strict presheaves into
weak presheaves. We use quotations since this functor is not full. The following
proposition is standard:
Proposition A.3. Let Z be a strict presheaf of groupoids. Then
a ◦ j (Z ) ≃ a ◦ j ◦ i ◦ sh (Z ) ,
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where a denotes stackification.
In other words, if you start with a strict presheaf of groupoids, sheafify it to a
sheaf of groupoids, and then stackify the result, this is equivalent to stackifying the
original presheaf.
Corollary A.1. Every stack is equivalent to a◦j◦i (W ) for some sheaf of groupoids
W .
Appendix B. Proof of Theorem 3.2
In this Appendix, we will prove that the generalized action groupoid construc-
tion described in Section 3.1 yields a concrete description of e´tale´ realization. For
technical reasons, we start by fixing an ambient Grothendieck universe U . Recall
the following definition from [1] (expose´ ii):
Definition B.1. A locally U-small Grothendieck site (E , V ) is called a U-site if
there exists a U-small set of objects G, called topological generators, such that
every object E ∈ E admits V -cover by a family of morphisms all of whose sources
are in G.
Theorem B.1. [1] (expose´ ii, the´ore`m 3.4) If (E , V ) is a U-site, then the category
of presheaves of U-small sets on E is locally U-small. Moreover, the full subcategory
thereof consisting of U-small V -sheaves is reflective, and the reflector is left exact,
hence this subcategory is a U-topos.
Remark. In particular, a U-site is not necessarily U-small. An important example
of a U-site which is not U-small is the following:
Suppose (C , J) is a U-small site. Let E := ShUJ (C ) be the U-topos of J-sheaves
of U-small sets. Equip E with the canonical topology which is generated by jointly
surjective epimorphic families. Denote this site by (E , can). This site is clearly not
U-small, but it is a U-site, since the set of representable sheaves is U-small (since
it is a copy of C ) and topologically generates E (because of the Yoneda lemma).
Moreover, the category of U-small sheaves on this site, is canonically equivalent to
E itself. More generally, if (C , J) is not U-small, but just a U-site, (E , can) is still
a U-site; its topological generators are the image of those of C under the Yoneda
embedding.
Lemma B.2. Let E be a U-small topos, (D ,K) be a U-small site, and
G : E → StUK (D)
be a 2-functor from E into the 2-topos (in U) of K-stacks of (essentially) U-small
groupoids, which preserves coproducts and epimorphisms. Denote by
yˆE : E → St
U
can (E)
the Yoneda embedding of E into the 2-topos of U-small stacks on E. Then, there
exists (an essentially unique) U-small weak colimit preserving 2-functor
LUE : St
U
can (E)→ St
U
K (D) ,
which when restricted to E along yE agrees with G (up to equivalence).
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Proof. Let V be a larger Grothendieck universe such that U ∈ V . Then (E , can) is
a V-small site. Consider the canonical inclusion
iVD : St
U
K (D)→ St
V
K (D) .
By [16] (Remark 6.3.5.17), this inclusion preserves U-small weak colimits (apply
τ≤1 to functor in this proposition, and note that τ≤1 is a colimit preserving functor
of infinity categories). Let Ê denote the 2-topos in V of V-small weak presheaves
of groupoids on E . Let LVE denote the weak left Kan extension of i
V
D
◦G along the
Yoneda embedding yˆV of E into Ê . Denote its right adjoint by RVE . Explicitly, for
Z ∈ StVK (D), R
V
E (Z ) is the weak presheaf that assigns E ∈ E , the groupoid
RVE (Z ) (E) ≃ Hom
(
LVE yˆ
V (E) ,Z
)
≃ Hom
(
iVDG (E) ,Z
)
.
Since G and iV
D
both preserves coproducts and epimorphisms, their composite pre-
serves covers, and since Z is a stack, it follows that this presheaf satisfies descent
for the canonical topology on E , so is an object of StVcan (E) . Hence, by abuse of
notation, there is an induced 2-adjunction
StVcan (E)
LV
E
// StVK (D)
RV
Eoo .
The 2-functor LVE is uniquely determined up to equivalence by the fact that it is
V-small weak colimit preserving, and agrees up to equivalence with iV
D
◦ G when
restricted to E along yˆV . Define
LUE := L
V
E ◦ i
V
E
where iVE is the canonical inclusion
iVE : St
U
can (E)→ St
V
can (E) ,
which is U-small weak colimit preserving. It follows that LUE is U-small weak colimit
preserving, and by construction, when restricted to E along the Yoneda embedding
yˆU of E into U-small stacks over E , it agrees up to equivalence with G. It suffices
to show that the essential image of LUE lies in the essential image of i
V
D
, i.e. U-small
K-stacks. Let Y ∈ StUcan (E) . Then Y is a stack over the topos E in the sense of
[10], hence there exists groupoid object K ∈ Gpd (E) such that Y ≃ [K] is its stack
completion. In particular, this implies that Y is the weak colimit of the truncated
semi-simplicial diagram
K2 →→
→
K1 →→ K0,
when viewed as a diagram in StUcan (E) , i.e. taking the weak colimit after applying
yˆU , the Yoneda embedding into U-small stacks over E . Hence
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LUE (Y ) = L
V
E i
V
E (Y )
≃ LVE i
V
E
(
holim
−−−−−−−→
yˆUKn
)
≃ holim
−−−−−−−→
LVE yˆ
VKn
≃ holim
−−−−−−−→
iVDG (Kn)
≃ iVD
(
holim
−−−−−−−→
G (Kn)
)
.
Therefore, the essential image of LUE consists entirely of U-small K-stacks. 
Let X ≃ [H] be an e´tale stack, with H an e´tale S-groupoid. Consider the
2-functor
H⋉ : Gpd (BH)→
(
Set −Gpd
)
/H,
from Section 3.1. Denote by G the composition
BH
q
→֒ Gpd (BH)
H⋉
−−−−−−−→
(
Set −Gpd
)
/H
Y
−→ St (S/X) ,
where q is the canonical inclusion.
Proposition B.1. The 2-functor G as defined above preserves coproducts and epi-
morphisms.
Proof. The fact that G preserves coproducts can be checked immediately. As far
as epimorphisms, suppose that
ϕ : E → F
is an epimorphism in BH. To show that G (ϕ) is an epimorphism in St (S/X), it
suffices to show that the map
t ◦ pr1 : (H ⋉ F )1 ×F E → F
is an epimorphism in BH where
(H⋉ F )1 ×F E
pr2
//
pr1

E
ϕ

(H ⋉ F )1
s // F
is the pullback diagram in BH. However, (H⋉ F )1 is itself the pullback
(H⋉ F )1

s // F
ν

H1
s // H0,
where ν is the moment map of F . Since ϕ is, in particular, a map in S/H0,
ν ◦ ϕ = µ, where µ is the moment map of E. Hence (H⋉ F )1 ×F E is in fact the
fibered product
H1 ×H0 E = (H ⋉ E)1 .
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The map t ◦ pr1 can then be identified with t ◦ H ⋉ (ϕ) which is an epimorphism
since t is and H⋉ (ϕ) is the pullback of ϕ along
s : (H⋉ F )1 → F.

Corollary B.1. There exists a weak colimit preserving 2-functor
LBH : Stcan (BH)→ St (S/X )
whose restriction to BH along the Yoneda embedding
yˆBH : BH →֒ Stcan (BH)
agrees with G up to equivalence.
(We have suppressed the role of the Grothendieck universe U for simplicity.)
Lemma B.3. Let
Y :
(
Set −Gpd
)
/H → St (S) /X
be the 2-functor which sends a groupoid ϕ : G → H over H to
[ϕ] : [G]→ [H] = X .
Then for U ⊂ H0 an open subset, the stacks y (U →֒ H0 → X ) and
Y (θmU ) = [θmU ]
are canonically equivalent in St (S) /X , where mU is the equivariant sheaf associ-
ated to the representable U ∈ Site (H)0 (Definition 2.21), and
θmU : H⋉mU → H,
is as in the remark directly preceding Proposition 3.1
Proof. H⋉mU has objects s
−1 (U) and arrows are of the form
(h, γ) : γ → h ◦ γ.
Define an internal functor
fU : H⋉mU → U
id
on objects as
s−1 (U)
s
−→ U
and on arrows by
(h, γ) 7→ s (γ) .
Define another internal functor
gU : U
id → H ⋉mU
on objects as
x 7→ 1x
and on arrows as
x 7→ (1x, 1x) .
Clearly
fU ◦ gU = idUid .
Moreover, there is a canonical internal natural transformation
λU : gU ◦ fU ⇒ idH⋉mU ,
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given by
λU (γ) =
(
γ, 1s(γ)
)
.
Denote by aU : U
id → H, the composite
U →֒ H0 → H.
Notice that gU extends to a morphism from aU : U
id → H toH⋉mU in (S
et −Gpd) /H
as θmU ◦ gU = aU . Note that the formula
αU (γ) = γ
−1
defines an internal natural transformation
αU : θmU ⇒ aU ◦ fU .
Hence (fU , αU ) is morphism in (S
et −Gpd) /H from θmU to aU . It is easy to check
that λU is in fact a 2-cell in (S
et −Gpd) /H. Hence aU and θmU are canonically
equivalent, so the same is true of their images under Y . 
Consider the functor
m : Site (H)→ BH,
from Proposition [15]. Then, this is a morphism of sites, and in light of the afore-
mentioned proposition, it induces an equivalence of bicategories
m! : St (Site (H))→ Stcan (BH) .
The 2-functor m! is the left Kan extension of yˆBH ◦m (See Corollary B.1 for the
notation) along the Yoneda embedding
yˆH : Site (H) →֒ St (Site (H)) .
In other words, it is the unique weak colimit preserving 2-functor whose restriction
to Site (H) along yˆH agrees with yˆBH ◦m up to equivalence.
Corollary B.2. The e´tale realization 2-functor
L¯ : St (Site(H))→ St (S/X )
from Corollary 2.4 is equivalent to LBH ◦m!.
Proof. This follows from Lemma B.3 together with Corollary B.1. 
Lemma B.4. The composite
Y ◦ H⋉ : Gpd (BH)→ St (S/X )
preserves epimorphisms and weak pullbacks.
Proof. Suppose that ϕ : K → L is an epimorphism in Gpd (BH) . This implies that
the induced map
t ◦ pr1 : L1 ×L0 K0 → L0
is an epimorphism. In particular, this means that, when viewed as a map of under-
lying spaces, it is a surjective local homeomorphism, i.e. an e´tale cover. There is a
canonical map
L1 ×L0 K0 → (H ⋉ L)1 ×L0 K0
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induced by the canonical homomorphism τL : L → (H ⋉ L) (See the remark directly
preceding Proposition 3.1) such that the following diagram commutes
(H ⋉ L)1 ×L0 K0
t◦pr1

L1 ×L0 K0
66♠♠♠♠♠♠♠♠♠♠♠♠ t◦pr1
// L0.
Hence
t ◦ pr1 : (H ⋉ L)1 ×L0 K0 → L0
is a surjective e´tale map. This implies that Y ◦ H⋉ (ϕ) is an epimorphism.
To show that Y ◦H⋉ preserves weak pullbacks, it suffices to show that H⋉ does,
since Y preserves finite weak limits. Suppose that
P //

B
β

A
α // C
is a weak pullback diagram in BH. Explicitly, we may describe P by its objects
being triples
(a, b, l) ∈ A0 ×B0 × C1
such that
l : α (a)→ β (b) ,
with the obvious structure of an e´tale H-space (we can take the moment map ξ0 to
be the projection onto B0 followed by its moment map ν0). Its arrows from
(a, b, l)→ (a′, b′, l′)
can be described by pairs
(ka, kb) ∈ A1 ×B1
such that the following diagram commutes:
α (a)
l //
α(ka)

β (b)
β(kb)

α (a′)
l′ // β (b′) .
This condition on the arrows can be expressed as a pullback diagram, hence they
also inherits the structure of an e´tale H-space. Now, the objects of H ⋉ P are the
same as P . The arrows
(a, b, l)→ (a′, b′, l′)
in H ⋉ P can be described by triples (h, kha, khb) such that
(kha, khb) : (ha, hb, hl)→ (a
′, b′, l′)
is an arrow in P. These of course assemble into a space which can be constructed
via pullbacks as well, with moment map ξ1. With the choice of moment maps ξ,
H⋉ P becomes an S-groupoid over H by factoring it through
θB : H ⋉B → H.
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Let P ′ denote the weak pullback
P ′ //

H⋉A

H⋉B // H ⋉ C.
Its objects can be described by quadruples
(a, b, h, l) ∈ A0 ×B0 ×H1 × C1
such that
k : hα (a)→ β (b) .
A quick calculation shows that its arrows
(a, b, h, l)→ (a′, b′, h′, l′)
can be described by quadruples
(ha, ka, hb, kb) ∈ H1 ×A1 ×H1 ×B1
such that
ka : haa→ a
′
and
kb : hbb→ b
′,
and such that
(16) (h′ha, l
′ ◦ (h′ · α (ka))) = (hbh, β (kb) ◦ (hb · l)) .
We may regard P ′ as an S-groupoid over H by factoring it through its canonical
projection onto H⋉B.
There is of course a canonically induced map
F : H⋉ P → P ′
coming from the cone obtained by applying H⋉ to the diagram expressing P as a
pullback. On objects, F sends a triple
(a, b, l) 7→
(
a, b, 1µ1(l), l
)
,
where
µ1 : C1 → H0
is the moment map. On arrows it sends
(h, kha, khb) 7→ (h, kha, h, khb) .
Define a homomorphism Λ : P ′ → P on objects by
(a, b, h, l) 7→
(
ha, b, 1µ1(l), l
)
and on arrows by sending quadruples
(ha, ka, hb, kb) : (a, b, h, l)→ (a
′, b′, h′, l′)
to triples (
h′hah
−1 = hb, h
′ · ka, kb
)
.
Notice that Λ strictly commutes over H and Λ ◦ F = idH⋉P . Moreover, consider
the continuous map
ω : P ′0 → P
′
1
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given by
(a, b, h, l) 7→
(
h, 1ha, 1ν0(b), 1b
)
,
where ν0 is the moment map of B. Notice that
ω (a, b, h, l) : (a, b, h, l)→
(
ha, b, 1µ1(l), l
)
.
It follows that ω is an internal natural transformation
ω : id′P ⇒ F ◦ Λ.
It is easy to check that it is indeed a 2-morphism in S − Gpd/H, hence F is an
equivalence. 
Theorem B.5. Consider the canonical 2-functor
[ · ]BH : Gpd (BH)→ St (Site (H))
which associates a groupoid object K in in BH with its stack completion. Then [ · ]BH
is essentially surjective and faithful (but not in general full), and the 2-functors
L¯ ◦ [ · ]BH and Y ◦ H⋉ are equivalent.
Proof. The fact that [ · ]BH is essentially surjective follows from the fact that every
stack is equivalent to a strict 2-functor, which is in particular a sheaf of groupoids,
i.e. a groupoid object in sheaves. The fact that is faithful follows from the fact that
sheaves of groupoids considered as weak presheaves are separated (i.e. prestacks).
Let K be a groupoid object in BH. Then the following is a 2-Cartesian cube all of
whose edges are epimorphisms:
K2
d2 //
d1

d0
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
K1
d0}}④④
④④
④④
④④
d1

K1
d1 //
d0

K0
p

K1
d0
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
d1 // K0,
p
}}④④
④④
④④
④④
K0
p
// K
where p : K0 → K is the canonical map. From Lemma B.4,
Y ◦ H⋉ (p) : [H⋉K0]→ [H ⋉K]
is an epimorphism, and also, applying Y ◦ H⋉ to the above cube, results in an-
other 2-Cartesian cube, this time in the 2-topos St (S/X ) , all of whose edges are
again epimorphisms. The fact that this cube is Cartesian means that the diagram
obtained by deleting the vertex [H⋉K] and all edges into it, namely
[H ⋉K2] →→
→
[H⋉K1] →→ [H⋉K0] ,
is the truncated semi-simplicial Ceˇch nerve of the epimorphism Y ◦H⋉ (p) . From
[16], since St (S/X ) is a 2-topos, this implies that
[H ⋉K] ≃ holim
−−−−−−−→
(
[H ⋉K2] →→
→
[H⋉K1] →→ [H⋉K0]
)
.
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Notice that in the 2-topos St (Site(H) ,
[K]BH ≃ holim−−−−−−−→
(
K2 →→
→
K1 →→ K0
)
.
From Corollary B.2, this implies that
L¯ [K]BH ≃ LBH ◦m! ([K]BH) ≃ holim−−−−−−−→
(
[H⋉K2] →→
→ [H⋉K1] →→ [H ⋉K0]
)
.
Hence
L¯ [K]BH ≃ [H⋉K] .
We leave the rest of the details to the reader.

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